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Abstract - This study utilizes the real options approach to 
construct the model of entering the international manpower 
market in order to effectively evaluate the potential value 
and obtain the optimal foreign exchange rate under the 
uncertain situation. That is, building the decision rule and 
threshold for entering the international manpower market 
can help evaluate the influence of hiring domestic or foreign 
manpower on the enterprise value. 

 
Keywords - Human resource management, multi-

national enterprise, decision-making, real options. 
 
 

I.  INTRODUCTION 
 

According to enterprise internationalization, the 
demand of multinational human resources has been 
increasing; choosing domestic manpower assignment and 
foreign professional manpower is the most important 
target that must consider an enterprise’s cost and profit in 
utilizing human resources.  In addition, the monetary 
value is an external factor that will cause the fluctuation 
of exchange rate.  Therefore, this study utilizes the model 
of hiring multinational foreign labor market (entering and 
exiting) to satisfy the multinational human resource 
demand; how to choose the optimal threshold to hire 
domestic or foreign manpower is the main research 
purpose. 

Most studies of human resources employ qualitative 
research to evaluate how to make the decision about 
expatriation, such as the influence of culture, but less 
studies use the quantitative research approach to evaluate 
the decision-making value of expatriating in human 
resources.  This study utilizes the real options approach 
(ROA) to construct the mathematical model of entering 
the international manpower market.  The decision variable 
is foreign exchange rate which follows geometric 
Brownian motion (GBM).  The intangible value of 
potential choosing value is an important factor in 
consideration of HR cost which is ignored by the 
traditional net present value (NPV) method.  The 
traditional NPV method usually calculates the NPV to 
evaluate the enterprise value under the certain and static 
situation, but ignores the flexibility of enterprise value.  
The biggest difference between the NPV method and the 
ROA is that [1] pointed out profit is produced by the cash 
flows of investment, which not only includes the present 
value of real assets of investment, bust also considers the 
option value generated by the investment opportunity.  
Reference [2] proposed that the traditional NPV method 
ignores or is unable to measure the difference result 

generated by the actual value and anticipative appraisal 
result, and the decision-maker is short of adjustability 
ability because the NPV method ignores the flexibility of 
management value.  Hence, the ROA is more suitable to 
evaluate the enterprise value in the dynamic situation than 
the NPV method.  Using the ROA to evaluate the 
intangible value will obtain the actual value of the optimal 
allocation in the model of human resources. 

Furthermore, the visible manpower cost incurred by 
actual assignment or local hiring will influence the 
enterprise value. How to obtain the optimal foreign 
exchange rate, so as to evaluate the enterprise value and 
decide the strategy for entering or exiting from the 
international manpower hiring market. That is, how to 
achieve the maximum value of utilizing the multinational 
human resources is the main focus in this paper. 

Reference [3] showed the demand of managing the 
international assignment is the major consideration within 
the strategic international human resource management 
(IHRM) theory and most frequently considered within the 
long-term employment choice between parent-country 
expatriates or host-country nationals.  Reference [4] 
pointed out within the strategic context of IHRM, a 
significant aspect of research has focused on the 
management of expatriate assignments and more recently 
on the issue for the inpatriates who may move from 
subsidiary organizations to corporate headquarters. 

Reference [5] noted that in rethinking strategic 
investments, managers must try to view their markets in 
terms of the source, trend, and evolution of uncertainty in 
order to determine the degree of exposure for their 
investments and then respond by positioning the 
investments to best take advantage of uncertainty.  
Reference [6] introduced the ROA under the investment 
uncertainty related to real assets and suggested that the 
options created on these assets will reduce the risk of the 
loss of value and increase future opportunities for returns.  
Reference [7] used the ROA to estimate the value of 
flexibility and determine the optimal strategy of managing 
the flexibility under the uncertain of exchange rate. 

Reference [8] proposed a firm’s human resources as 
an asset that can provide value and competitive 
advantages; the HRM field has tended to ignore the fact 
that assets have associated uncertainties and risks.  

According to the above literature, the article will 
utilize the ROA to evaluate the multinational manpower 
assignment strategy and produce the optimal assignment 
foreign exchange rate to evaluate the decision-making in 
the multinational manpower assignment strategy. 
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II. THE MODEL 
 

The transnational enterprise makes the decision on 
hiring the manpower of the overseas subsidiary company, 
which brings the potential strategy value of hiring 
domestic employees or foreign professional manpower; 
the synthetic value causes the enterprise to achieve the 
minimum cost and total maximum revenue. It assumes 
that the transnational enterprise assigns professional 
manpower to the overseas subsidiary company, considers 
the cost of hiring the domestic and foreign professional 
manpower on the exchange rate level of domestic and 
foreign countries (that is, considers the value on hiring the 
domestic and foreign professional manpower), and finds 
the threshold of the optimal foreign exchange rate of 
expatriating and outsourcing to effectively evaluate the 
optimal decision-making model of the transnational 
human resource management. 

The transnational enterprise will enlarge the operation 
scale of overseas subsidiary company, so it must supply 
the lack of N manpower per unit of time; the host 
company can expatriate n ( 0 n N≤ ≤ ) manpower per unit 
of time, or the overseas subsidiary company can locally 
outsource ( N n− ) manpower per unit of time.  In other 
words, the manpower demand of overseas subsidiary 
company per unit of time can be offered by expatriating 
and outsourcing.  Simultaneously, it assumes that the 
enterprise can possibly satisfy n  manpower per unit of 
time. The host company’s expatriate cost of unit time 
is ( )( )dC n t = dh n +  2

ph n , where dh is the increasing 

manpower cost of expatriating a person, ph is the 
decreasing average revenue of expatriating a person, and 
both are the known fixed constants.  Suppose ( )( )*

f n tπ =  

( ) f dN n w nw− +  is the unit of time benefit of 
expatriating and outsourcing in the host company, where 

fw  is the revenue of locally hiring a person, dw is the 
average revenue of a person that the parent company 
expatriates, and  both fw  and dw  are the known fixed 
constants.  The revenue and cost are priced by the host 
company’s currency and the change of exchange rate can 
influence the monetary value. Assume the foreign 
exchange rate level is governed by the following GBM: 

 t
t

t

dR
dt dW

R
α σ= + , 0 .R R=                    (1) 

where α is the growth rate of foreign exchange rate, σ is 
the volatility rate of the growth of exchange rate, tdW  is 
governed by the following standard Wiener process, 
and ( )~ 0,tdW N dt . 
Fig.1 illustrates the relationship between model value 
functions and decision variables. 

 
At the left side of the optimal expatriating foreign 

exchange rate *R  (time t is between 0 and *t ), 

( )( )dE TC n t∗⎡ ⎤⎣ ⎦ represents the operating cash flow of the 

parent company’s expatriating   and ( )V R is the potential 
enterprise value of expatriating.  It can be derived by 

( )V R = ARβ , where A is the scale coefficient of the 
potential enterprise value of expatriating (see Dixit and 
Pindyck (1994)).  The right side of the optimal 
expatriating foreign exchange rate *R  (time t is lower 
than *t ) represents the expatriate manpower of the host 
company and locally outsourcing manpower assigned to 
the overseas subsidiary company at unit of time. 

( )( ) ( )( )f fE TR n t TC n t∗ ∗⎡ ⎤−⎣ ⎦ represents the expected 

operating cash flow of the overseas subsidiary company, 
where ( )( )dTC n t∗  is the present value of expatriating 

total cost in the host company, ( )( )fTR n t∗ is the present 
value of expatriating and outsourcing total revenue in the 
overseas subsidiary company, and ( )( )fTC n t∗ is the 
present value of outsourcing total cost in the overseas 
subsidiary company. 

The optimal expatriating population ( )*n t in the host 
company can be written as the objective function: 

( )( ) ( )( ){ }* *

*

max

. .     0 ( )
dE n t R C n t

s t n t n

π −

≤ ≤
        (2) 

Differentiating (2) with respect to n , we can find the 
optimal expatriating population at unit of time ( )*n t as 
follows:         

( )
( )*

1.2
f d f d

o
p

w w h Re h
n t w e w

h

ατ
ατ

− + + −
= ≡ −             (3) 

where
( )

2
f d f

o
p

w w h R
w

h

− + +
= , 1 2

d

p

h
w

h
= , and both are 

constants. 

According to the optimal expatriating population 
( )*n t  at unit of time, the expatriate cost function of the 

parent company is 

R
* *( )R t

*

( )
[ ( ( ))]d

V R
E TC n t

* *[ ( ( )) ( (( ))]f fE TR n t TC n t−

Fig.1 The hiring model of international professional labor 

Proceedings of the 2008 IEEE IEEM

 686



 

 ( )( )* * * 2 2( ) ( ( ))d d pC n t h n t h n t Be Ce Dατ ατ= + = + + ,  

where B = ( )2
0 pw h , ( )0 12d o pC h w w w h= − , D =  

( )2
1 1p dw h w h− , and all of them are constants.  The 

revenue function of hiring expatriate manpower and 
locally outsourcing in the overseas subsidiary company 
is ( )( ) ( )( ) ( )* * *

f f dn t N n t w n t w Ee Gατπ = − + = + , 

where ( ) 0d fE w w w= − , ( )1 1f f dG Nw w w w w= + − , 
and both are constants.  The outsourcing cost function of 
the overseas subsidiary company is 

( )( ) ( )( )* *
f fC n t N n t h He Iατ= − = + , where 

( )0H w= − , ( )1I w N= + , and both are constants. 

Considering the situation of cash flows, the present 
value of expatriating total cost in the parent company is: 

( )( ) ( )
*

*

** *
31 2

( )* 2

0

1 2 3 1 2 3 .

d
t r t t

d

a ta t a t

TC n t e Be Ce D dt F

c e c e c e c c c F

ατ ατ−= + + +

= + + − − − +

∫ (4) 

where *t  is the time point of expatriate manpower in the 

parent company; 1
1

Bc
a

= , 2
2

Cc
a

= , 3
3

Dc
a

= ; 

( )1 2da r α= + , ( )2 da r α= + , 3 da r= ; F is the fixed cost 
of expatriating manpower. Similarly, considering the 
situation of cash flows, the present values of operating 
total revenue ( )( )*

fTR n t  and total cost ( )( )*
fTC n t  in 

the overseas subsidiary company are as follows:  

( )( ) ( )
( )

*

*

* *

( )*

( ) .

f

f f f f

r t t
f t

r t r t r t r t

TR n t e Ee G dt

Ee Ge

ατ

α

∞ −−

− + + − +

= +

= +

∫          (5) 

( )( ) ( )
( )

*

*

* * *

( )*

( ) .

f

f f f

r t t
f t

r t rft r t r t

TC n t e He I dt

He Ie

ατ

α

∞ −−

− + + − +

= +

= +

∫         (6) 

Similarly, considering the situation of cash flow, the 
present value of operating cash flow in the overseas 
subsidiary company is as follows: 

( )( ) ( )( )
* *

4 5

* *

( ) ( )
4 5 .f f

f f

a r t a r t

E T R n t T C n t

c e c e+ +

⎡ ⎤−⎣ ⎦

= − −
          (7) 

where 4
4

Jc
a

= ; 5
5

Kc
a

= ; ( )4 fa r α= − + ; 

( )5 fa r= − . 
All above are yielded from the relationship of value 

and cost functions by the definition of cash flow.  In 
addition, the allocation of human resources has the 
potential value ( )V R  of the parent company under the 

risk-neutral condition to measure the enterprise value.  
The measurement model shows: 

( ) [ ]( ) .dr V R E dV R=                            (8) 

where dr  represents the risk premium of choosing the 
expatriate strategy and [ ]( )E dV R  is the capital gains of 
the expected potential expatriating. By using Ito＇s 
Lemma to figure out the second differential equation of 
the enterprise value of potential expatriating ( )V R , the 
following result can be obtained: 

 ( ) ( ) ( )2 21 '' ' 0.
2 dR V R RV R r V Rσ α+ − =           (9) 

where ( )V R ARβ= , ( )''V R  is the second-order 

differential of R , and ( )'V R is the first-order differential 
of R . General solution is: 

( ) .V R ARβ=                                  (10) 

where

2
2 2 2

2

1 1 2
2 2

1
d

rσ α α σ σ
β

σ

⎛ ⎞ ⎛ ⎞− + − +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠= > and 

ARβ  is the potential strategy value when the parent 
company expatriates manpower to the overseas subsidiary 
company.  
 
 

III. THE THRESHOLD OF DECISION-MAKING 
 
Following the initial condition of equivalence (value-

matching condition) of Dixit and Pindyck (1994), the host 
company＇s total expected enterprise value of potential 
expatriating equals the expected total revenue in the 
overseas subsidiary company at threshold * *( )n t .  Note 
that: 

( )( )

( )( ) ( )( )( )

*
*

*

*

( )* *

0

( )

( )

.

d

f

t r t t
d

r t t
f ft

E A R E e C n t dt F

E e n t C n t dt

β

π

−

∞ −− ∗ ∗

⎡ ⎤⎡ ⎤ − +⎣ ⎦ ⎢ ⎥⎣ ⎦
⎡ ⎤= −⎢ ⎥⎣ ⎦

∫

∫
         (11) 

Furthermore, by using the smooth-pasting condition 
to carry on the first-order differential, we can obtain the 
following result: 

** * *
31 1 2

* **
5 64

1 1 1 2 2 3 3

4 4 5 5 6 0 .

d tb t d t d t

d t d td t

b A R e c d e c d e c d e

c d e c d e d L e

β − − −

+ + − =
 (12) 

where 1 1d r ad= + ; 2 2d r ad= + ; 3 3d r ad= + ; 

4 4d r af= + ; 5 5d r ad= + ; 6d rd= ; 1 2 3L c c c= + + . 
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Finally, using the value-matching and smooth-pasting 
conditions can obtain the function to count the threshold 
when the transnational enterprise enters the international 
manpower market: 

* ** * * *
3 51 1 2 4

*

** * **
31 1 4

* *
5

1 2 3 4 5

6

2
1 1 1 2 2 3 3 4 4

6
5 5 6

.

.

d t d tb t d t d t d t

d t

d tb t d t d td t

d t d t

AR e c e c e c e c e c e

Le F

b AR e c d e c d e c d e c d e

c d e d Le

β

β

⎧ = + + − −
⎪
⎪ + −⎪
⎨

= + + −⎪
⎪

− +⎪⎩

        (13) 

Cancelling two types of (13) can derive  (14) as 
follows: 

( ) ( ) ( )
( ) ( )
( )

* * *
1 1 2

* *
3 4

* *
5 6

1 1 1 2 2

3 3 4 4

5 5 6

1

(1 ) .

b t d t d t

d t d t

d t d t

b AR e c f e c f e

c f e c f e

c f e d Le F

β− = − + −

+ − − −

− − + − −

   (14) 

where 

1 1 1f c d= ; 2 2 2f c d= ; 3 3 3f c d= ; 4 4 4f c d= ;

5 5 5f c d= . Arranging (14) can result in  (15) as 
follows: 

** * *
31 2 4

* * *
5 6 7

1 2 3 4

5 6 7 .

h th t h t h t

h t h t h t

A g e g e g e g e

g e g e g e

= + + −

− + +
           (15) 

where 
( )
( )

1 1
1

11
c f

g
b Rβ

−
≡

−
; 

( )
( )

2 2
2

11
c f

g
b Rβ

−
≡

−
; 

( )
( )

3 3
3

11
c f

g
b Rβ

−
≡

−
; 

( )
( )

4 4
4

11
c f

g
b Rβ

−
≡

−
; 

( )
( )

5 5
5

11
c f

g
b Rβ

−
≡

−
; 

( )
6

6
1

(1 )
1

d L
g

b Rβ

−
≡

−
; 7

1(1 )
Fg
b Rβ=

−
; ( )1 1 1h d b= − ; 

( )2 2 1h d b= − ; ( )3 3 1h d b= − ; ( )4 4 1h d b= − ; 

( )5 5 1h d b= − ; ( )6 6 1h d b= − ; 7 1( )h b= − .   
Incorporating (15) into (12) yields: 

** * *
31 2 4

* *
5 6

1 2 3 4

5 6 7 0.

d td t d t d t

d t d t

k e k e k e k e

k e k e k

+ + −

− + − =
                (16) 

where 
( )

1 1 1
1 1

1

( )
1

b c f
k f

b
−

≡ −
−

; 
( )

1 2 2
2 2

1

( )
1

b c f
k f

b
−

≡ −
−

; 

( )
1 3 3

3 3
1

( )
1

b c f
k f

b
−

≡ −
−

; 
( )

1 4 4
4 4

1

( )
1

b c f
k f

b
−

≡ −
−

; 

( )
1 5 5

5 5
1

( )
1

b c f
k f

b
−

≡ −
−

; 
( )

1 6
6 6

1

(1 )
1

b L d
k f

b
−

≡ −
−

;
( )

1
7

11
b F

k
b

≡
−

.  

Finally, combining (3), (15), (16) can obtain the 
optimal foreign exchange rate *R  , the optimal point in 
time *t , and the optimal expatriate population ( )* *n t  
under the optimal point in time. 
 
 

IV. NUMERICAL EXAMPLE ANALYSIS 
This section addresses how related parameters 

influence the optimal expatriate threshold, R*, and decide 
the strategy for entering or exiting from the international 
manpower hiring market. 

It simulates the decision value of entering or exiting 
from the international manpower hiring market with the 
proposed model mentioned in the previous section.  
Additionally, it independently incorporates the above 
parameters into the international manpower market model 
built in the previous paragraph, and then utilizes 
MATHLAB software to determine the analytical solution.  
Consequently, the paper gets the approximate optimal 
decision timing of real expatriate and finds out some 
numerical solutions that we arrange below. 

Numerical analysis is conducted by using the 
following base case parameters. We assume that the 
growth of foreign exchange rate α =0.016 and the 
volatility of the growth of foreign exchange rate σ =2 
monthly. We estimate the increasing manpower cost of 
expatriating a person hd = 4.5 thousand (NT$) and the 
decreasing average revenue of expatriating a person hp = 5 
thousand (NT$) monthly. The average cost of locally 
hiring a person hf  = 7 hundred (USD), the average 
revenue of locally hiring a person wf =12 hundred (USD), 
and the average revenue of expatriating a person by parent 
company wd =19 hundred (USD) monthly. The fixed cost 
of expatriate manpower per month is 1000000 (NT$). The 
demanded manpower in the foreign subsidiary company 
N=1200.  The investigation assumes the risk premiums of 
choosing the expatriate strategy (rd) and outsourcing 
strategy (rf) are 0.027 and 0.046 respectively.  The foreign 
exchange rate R0 = 30.58, which is obtained from 
Taiwanese banks.  

Based on the basic numerical example, first we can 
find the optimal expatriating population n*=989 we obtain 
in  (3), which means the parent company can expatriate 
989 employees to accord with the manpower demand of 
the overseas subsidiary company.  And the overseas 
subsidiary company must hire 211 locally manpower.  
Thus, β =1.0217 is calculated from (9). And the 
enterprise value of potential expatriating V(R) = 306.334, 
which is obtained from (10). 

The expatriate threshold of foreign exchange rate for 
the transnational enterprises is 28.582 at the optimal point 
time t*=3.9741 which is calculated from (16).  That is, as 
soon as the foreign exchange rate will reach 28.528 in 
3.9741 months, the transnational enterprises will choose 
to expatriate manpower to the international manpower 
market. 
 
 

V.  CONCLUSION 
 

This study utilizes the mathematical model to do 
analysis for managers when they use the optimal foreign 
exchange rate to choose the timing of decision-making in 
hiring the domestic or foreign professional manpower in 
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the application of human resources.  And it can help 
multinational enterprises to obtain the optimal foreign 
exchange rate to evaluate the influence of enterprise value 
and decide entering or exiting from the international 
manpower hiring market to achieve the maximum value 
of utilizing human resources in multinational enterprises. 

In conclusion, we consider the effect of the potential 
human resource strategy on the enterprise value and offer 
the reference of evaluation for entering or exiting from the 
international manpower market.  Managers can also 
utilize this result to hire manpower, and make the optimal 
allocation in human resources that can achieve the object 
of minimum operation cost in the future. 
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Abstract - This study attempts to analyze what kind of 
environmental pollution technical standard to transform the 
new technology will have the maximum economic efficiency, 
and to decide when it is the best timing for transforming the 
environmental pollution processing technical standards.  

 
Keywords - Environment economy, decision-making, 

technical standards, real options  
 
 

I.  INTRODUCTION 
 
  This study utilizes the real options approach (ROA) 
to decide the optimal pollution technical standard. This 
work introduces the real and potential firm values to 
measure the strategic value and tries to construct a 
decision-making model under the viewpoint of the 
environment economy. The environmental pollution 
processing technical standards obey the geometry 
Brownian motion (GBM), and the total cost may be 
divided into the production cost and the pollution cost. 
Under this premise, it attempts to analyze what kind of 
environmental pollution technical standard to transform 
the new technology will have the maximum economic 
efficiency. 
  Reference [1] pointed out that under economic and 
environmental uncertainty, the ROA is utilized to 
construct a continuous time model and find the optimal 
investment environment. This study differs from other 
traditional cost-benefit analyses by extending to Pindyck 
model (2002) and trying to find the optimal investment 
timing and threshold. Reference [2] applied the ROA to 
analyze the investment cost, number of customers, price 
policy, and risk attitude to measure a firm’s earnings 
under uncertainty. Reference [3] treated considerately 
economic, technical, and uncertain risks to construct a 
dynamic model for helping a firm choose the optimal 
investment timing and technology adoption.  
  Reference [4] tried to find the optimal timing of the 
present technology and future upgrade technology for the 
objective function with the maximum profit. Reference [5] 
assumed that the present technology has a upgrade 
possibility in the future. In consideration of the first-
mover advantage and the transfer cost and risk, this study 
will find out the effect from a firm’s upgrading its 
technology and search the optimal transfer technology and 
timing to switch. Reference [6] assumed that technology 
follows Poisson process and earnings follow spread 
process, and introduced the ROA to choose the optimal 
investment timing. Reference [7] examined the effects of 

investment mode strategy and expatriate strategy during 
times of economic crisis. They found that in an 
environment of economic crisis, the greater utilization of 
expatriates is more likely to enhance the survival. 
  Reference [8] discussed the relationship between 
environmental and economic performance and the 
influences of corporate strategies with regard to 
sustainability and the environment in the European paper 
industry. Reference [9] showed that subsidies to the input 
into pollution abatement are inefficient when a Pigouvian 
pollution tax is available. And the equilibrium subsidy 
rate is shown to depend on the subsidy elasticity of 
pollution abatement and lobby group membership. 
Reference [10] showed that the impact of a policy change 
on the investment behavior of the firm is studied in an 
incomplete information setting. This paper derives the 
optimal investment rule maximizing the value of the firm 
and shows that the impact of the trigger value uncertainty 
on the optimal investment threshold is non-monotonic. 
 
 

II. METHODOLOGY 
 
 Under the environment economy, this study focuses 
on what kind of environmental pollution technical 
standard to transform the new technology will have the 
maximum economic efficiency. It hypothesizes that the 
total cost can be divided into the production cost and the 
pollution cost. When the technical standards change, a 
firm can choose equipment upgrade or industry exit to 
reduce the cost. This study utilizes the ROA to construct a 
strategy of the optimal timing for equipment upgrade or 
industry exodus. The environmental pollution processing 
technical standards follow the GBM:  

                              t
t

t

dS
dt dw

S
α σ= + ； 0S S=                

(1) 
where tw  is a standard Wiener process, α  is the average 
growth rate of the technology ratio, and σ  is the variance 
growth rate of the technology ratio. Fig. 1 illustrates the 
business normal entry model. Fig. 2 illustrates the 
business special entry model. We utilize the two models 
to find the optimal transfer point. 
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In the normal case, the firm value at the present 
stage, ( )n tV S , is combined with cash flows and potential 
values. Cash flows show the firm’s total cost at the 
present stage and potential values express the firm’s 
option to upgrade equipment or not. If the technology 
standards achieve 1S , the firm will have a value of 
equipment upgrade. Conversely, if the technology 
standards do not hit 1S , the firm will continue operating at 
the same stage. 
 The firm value at the upgrade stage, ( )u tV S , is 
combined with cash flows and potential values. Cash 
flows show the firm’s total cost at the upgrade stage and 
potential values express the firm’s option to exit from the 
industry or not. If the technology standards achieve 2S , 
the firm will have a value of industry exit. Conversely, if 
the technology standards do not achieve 2S , the firm will 
stay at the same stage. 

In the special case, the firm value at the present 
stage, ( )ns tV S , is combined with cash flows and potential 
values. If the technology standards achieve 3S , the firm 
will have a value of industry exit. Conversely, if the 
technology standards do not achieve 3S , the firm will stay 
at the same stage. 

( )iTC Q  is the total cost when the firm produces Q 
unit, and ( ) ( )i i iTC Q C P Q= + . 2

i i iC a s b= +  is the unit 

product cost and iP =  2
i ic s d+  is the unit pollution cost. 

ia , ib , ic , id  are fixed parameters.  i n=   means the 
present stage, i u=  means the upgrade stage, i f=  
means the exit stage, i ns=  means the special present 
stage, and i nf=  means the special exit stage. It assumes 
that the product cost and pollution cost will decrease 
progressively when the technology improves. When the 
firm chooses upgrade equipment, industry exit, or direct 
exit, fixed cost 1 2 3, ,I I I will be charged. 

Reference [11] showed the potential values are 
i

i tA S β  and the calculating result is as follows: 

2

2 2

1[ ( )] [ ( ) ( ) ( ) ]
2

1( ( ) ( ))
2

n t ns t t nss t t

t nss t t ns t

E dV S E V S dS V S dS

S V S S V S dtσ α

= ⋅ + ⋅ ⋅

= +
     

        (2) 
where ( )V St  is the firm value, and the first-order and 

second-order differential equations of ( )V St  are 
represented by ( )ns tV S and ( )nss tV S respectively. Then 

calculating the coefficient iβ  by using the risk neutral 
condition, the below equation is satisfied: 

2 2 21 1( ) 0
2 2i i rσ β α σ β⋅ ⋅ + − − =      (3) 

 

S 

3 3( )S t  

3I  

( )ns tV S  

Potential exodus value 

Present value Exodus value 

( )fs tV S  

Figure 2:Entering model (Special case) 

S 

1I  2I  

Potential upgrade value 

Fig. 1: Entering model 

1 1( )S t  2 2( )S t  Present stage Upgrade stage Exodus stage 

( )n tV S  ( )u tV S  

Potential exodus value 

( )f tV S  
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It means 
1 12 2 2( ) ( ) 2
2 2 1.2

ri
i

σ α α σ σ
β

σ

− ± − +
= >   

 
(a) Normal case 
1. Firm value at the present stage 
      Under the present technology standard, the expected 
total firm value ( )V Sn t  is showed as follows: 

[ ]
( )

0

( )

( ) [ ] n

n t

t r t s
n s n t

E dV S

E e TC S Qds A E S β−

=

⎡ ⎤− − +⎢ ⎥⎣ ⎦∫
   

(4) 

where ( )

0
( )

t r t s
n sE e TC S Qds−⎡ ⎤− −⎢ ⎥⎣ ⎦∫  is the expected total 

cost at the present stage and [ ] n
n tA E S β is the potential 

strategic value of  equipment upgrade. 
 
2. Firm value at the upgrade stage 
      When the firm adopts technology upgrade, the 
expected firm value ( )u tV S  is showed as follows: 

[ ]

1

( )

( )

( ) [ ] u

u t

t r t s
u s u tt

E dV S

E e TC S Qds A E S β−

=

⎡ ⎤− − +⎢ ⎥⎣ ⎦∫
    

(5) 

where 
1

( ) ( )
t r t s

u st
E e TC S Qds−⎡ ⎤− −⎢ ⎥⎣ ⎦∫  is the expected total 

cost at the upgrade stage and [ ] u
u tA E S β is the potential 

strategic value of industry exit.  
 
3. Firm value when transferring to the foreign stage 

When the firm transfers to the foreign stage, the 
expected firm value ( )V Sf t  is showed as follows: 

2

2

( )

( )

( )

f t

t r s t
f st

E dV S

E e TC S Qds−

⎡ ⎤ =⎣ ⎦
⎡ ⎤− −⎢ ⎥⎣ ⎦∫

                (6) 

where 2

2

( ) ( )
t r s t

f st
E e TC S Qds−⎡ ⎤− −⎢ ⎥⎣ ⎦∫  is the expected total 

cost when the firm transfers to the foreign stage. 
 
(b) Special case 
1. Firm value at the present stage 
      Under the present technology standard, the expected 
total firm value ( )V Sns t  is showed as follows: 

[ ]
( )

0

( )

( ) [ ] ns

ns t

t r t s
ns s ns t

E dV S

E e TC S Qds A E S β−

=

⎡ ⎤− − +⎢ ⎥⎣ ⎦∫
    

(7) 

where ( )

0
( )

t r t s
ns sE e TC S Qds−⎡ ⎤− −⎢ ⎥⎣ ⎦∫  is the expected total 

cost at the present stage and [ ] ns
ns tA E S β is the potential 

strategic value of industry exit.  
 

2. Firm value at the exit stage 
When the firm is located at the industry exit stage, the 

expected firm value ( )V Sfs t  is showed as follows: 

3

3

( )

( )

( )

fs t

t r s t
fs st

E dV S

E e TC S Qds−

⎡ ⎤ =⎣ ⎦
⎡ ⎤− −⎢ ⎥⎣ ⎦∫

                 (8) 

where 3

3

( ) ( )
t r s t

fs st
E e TC S Qds−⎡ ⎤− −⎢ ⎥⎣ ⎦∫  is the expected total 

cost at the exit stage. 
 
III. The Optimal Decision and Thresholds 
 

This study follows the value-matching condition and 
smooth-pasting condition introduced by the textbook of 
Dixit and Pindyck (1994), and tries to find the optimal 
technology transfer threshold 1 2 3, ,S S S and potential value 
parameter , ,n u nsA A A . Please see reference [12] for more 
detailed explanation. 

 
1 .Value-matching condition 
      When the technology standards achieve 1S , the total 
value plus the fixed charge 1I  at the present stage is equal 
to the total value at the upgrade stage. It is showed as 
follows: 

[ ] [ ]1 1 1( ) ( )n uE dV S I E dV S+ =              (9) 
When the technology standards achieve 2S , the total 

value plus the fixed charge 2I  at the upgrade stage is 
equal to the total value at the foreign stage. It is showed as 
follows: 

[ ]2 2 2( ) ( )u fE dV S I E dV S⎡ ⎤+ = ⎣ ⎦         (10) 

When the technology standards achieve 3S , the total 
value plus the fixed charge 3I at the special present stage 
is equal to the total value at the special foreign stage. It is 
showed as follows: 

[ ]3 3 3( ) ( )ns fsE dV S I E dV S⎡ ⎤+ = ⎣ ⎦      (11) 
Calculating Eqn. (9), (10), and (11), we can find out three 
value-matching conditions as follows: 

1
1

1

2
1

2
1

( )
1 10

1 1

( )
2 2

1

( ) | ;

( )

( ) | ;

( )

n

u

t r t t
n t t

n

t r t t
u t tt

u

E e TC S Qdt t t S S

A E S I

E e TC S Qdt t t S S

A S

β

β

−

− −

⎡ ⎤− = =⎢ ⎥⎣ ⎦
+ +

⎡ ⎤= − = =⎢ ⎥⎣ ⎦
+

∫

∫
   (12) 

and 
2

2

1
1

2

2
2

( )
1 1

2 2

( )
2 2

( ) | ;

( )

( ) | ;

u

t r t t
u t tt

u

r t t
f t tt

E e TC S Qdt t t S S

A E S I

E e TC S Qdt t t S S

β

−

∞ − −

⎡ ⎤− = =⎢ ⎥⎣ ⎦
+ +

⎡ ⎤= = =⎢ ⎥⎣ ⎦

∫

∫

    (13) 

and 
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2
3

3
0

3

3
3

( )
3 3

3 3

( )
3 3

( ) | ;

( )

( ) | ;

ns

t r t t
ns t tt

ns

r t t
fs t tt

E e TC S Qdt t t S S

A E S I

E e TC S Qdt t t S S

β

−

∞ − −

⎡ ⎤− = =⎢ ⎥⎣ ⎦
+ +

⎡ ⎤= = =⎢ ⎥⎣ ⎦

∫

∫

    (14) 

 
Equation(12) can be rewrite to ： 

2
1 1 1 1 2 1 1 1 1(3 ) 0t r t t r t t

a b c d nX e X e X e X e A S eα σ α β αβ+ − + − + =                                                                                 
(15) 

 

where  
2

1 2
1

( )
(3 )

n na c s Q
X

rα σ
− +

≡
+ −

, 2
1

( )
( )

n nb d Q
X

rα
− +

≡
−

, 

2

3 2
2

( )
(3 )

u ua c s Q
X

rα σ
− +

≡
+ −

, 4
2

( )
( )

u ub d Q
X

rα
− +

≡
−

;  

and 
( )1 3aX X X= + , 

( )1 2bX X X= + , 

( )2 4cX X X= + , 

( )2 2 2 2(3 ) ( )
3 4

r t r t
dX X e X eα σ α+ − −= +  

 
Equation(13) can be rewrite to ： 

2
22 2 2 2(3 ) 0utt r t t

a b c uY e Y e Y e A Sαβα σ α+ − + + =               (16) 
 

where 
2

1 2
2

( )
(3 )

u ua c s Q
Y

rα σ
− +

≡
+ −

, 2
2

( )
( )

u ub d Q
Y

rα
− +

≡
−

, 

2

3 2
3

( )
(3 )

f fa c s Q
Y

rα σ
− +

≡
+ −

, 4
3

( )
( )

f fb d Q
Y

rα
− +

≡
−

;  

and 
( )1 3aY Y Y= + , 

( )2
2 1 2 1(3 ) ( )

1 2
r t r t

bY Y e Y eα σ α+ − −= + , 

( )2 4cY Y Y= + , 
 

Equation(14) can be rewrite to ： 
2

3 1 3 3 3 3 3(3 ) 0t r t t t
a b c nsZ e Z e Z e A S eα σ α β αβ+ − + + =         (17) 

 

where
2

1 2
1

( )
(3 )

ns nsa c s Q
Z

rα σ
− +

≡
+ −

, 2
1

( )
( )
ns nsb d Q

Z
rα

− +
≡

−
,

2

3 2
3

( )
(3 )

fs fsa c s Q
Z

rα σ
− +

≡
+ −

,        4
3

( )
( )

fs fsb d Q
Z

rα
− +

≡
−

,  

and  
( )1 3aZ Z Z= + , 

( )1 2bZ Z Z= + , 

( )2 4cZ Z Z= +  
 
 
 

2. Smooth-pasting condition 
First-order differential (15), (16), and (17) are shown as 
follows: 

2
1 1 1 1

2 1 1 1 1

(3 )2
1

2 1

(3 )

0

t r t t
a b c

r t t
d n

X e r X e X e

r X e A S e

α σ α

β αβ

α σ α
αβ

++ − +

− + =
    (18) 

 
and 

2
2 2 2

22

(3 )2
2(3 )

0u

t r t
a b

tt
c u u

Y e r Y e

Y e A S

α σ

αβα

α σ
α αβ

++ −

+ + =
               (19) 

and 
2

3 1 3

3 3 3 3

(3 )2
1

3

(3 )

0

t r t
a b

t t
c ns

Z e r Z e

Z e A S e

α σ

α β αβ

α σ
α αβ

++ −

+ + =
              (20) 

 
All the thresholds 1 2 3, ,S S S and potential value 

parameters , ,n u nsA A A by nonlinear stochastic equations 
which are composed of formula (15)-(20) can be found 
numerical solution hereafter. 

 
 

IV. CONCLUSION 
 
 Recently, the issue about the environment economy 
and pollution prevention becomes more and more 
important. Hence, the firm faces a problem how to make a 
choice between reducing the product cost and reducing 
the pollution cost. Under the environment economy, the 
firm needs to measure the pollution and consider how to 
reduce it. As the technology improves, more and more 
pollution prevention methods appear. If the firm chooses 
the new technology, it will increase the product cost. So 
under the environment economy, the firm needs to focus 
on what kind of environmental pollution technical 
standard to transform the new technology will have the 
maximum economic efficiency. 
 This study utilizes a real option approach to 
constructs a mathematical decision-making model of the 
optimal pollution technical standard. Using this proposed 
model, it can find the optimal decision threshold. The 
research result can serve as the reference for the firm 
when facing to choose the optimal technology threshold 
under the environment economy. 
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Abstract - This study utilizes the real options approach 
to construct the investing (disinvesting) decision model on 
free internet service. Two firm values of the internet service 
industry include the cash flows from the usage of free 
software and the potential value of entering (exiting from) 
the market so as to evaluate the firm value. 

 
Keywords - e-commerce, internet service, decision-

making, real options 
 
 

I.  INTRODUCTION 
 

The Internet is the most unbounded tool now, and the 
Internet service firms are competitive drastically. The 
Internet service firms can get a lot of advertising revenues 
if they are the market dominators. Any firm wants to be 
the hugest one in the market. They can expand their scale 
by many different ways such as marketing, increasing 
research and development, or increasing capital. But in 
the long term, the most effective way is to increase the 
page views, and users will get adapted to their Internet 
services. Also through the Internet spread, firms will get 
increasing margin revenues. So the Internet service firms 
are for the sake of growing, they will attempt to improve 
their page views. 

The Internet services firms (Google, Yahoo, etc.) 
provide free services, and try to increase their homepage 
views. Nevertheless, regardless of providing free spaces, 
researching new software, or building the network, there 
are charged a lot fixed and variable costs. The main 
purpose is to raise the potential user and to get the 
additional values of free services usage. This study 
utilizes the real options approach (ROA) to construct the 
mathematical decision-making model of investing 
(disinvesting) in free Internet service. In this proposed 
model, Internet service firm has an option to invest 
(disinvest) in free software market, and the usage ratio 
evolves over time according to the following geometric 
Brownian motion (GBM). The costs of the Internet 
services firm assumes to be affect on researching 
software, structuring the internet spaces, and providing 
anti-virus. And the revenues are gained by advertisers’ 
trust that they choose to promote in the Internet. This 
study attempts to evaluate the optimal usage rate from the 
maximum profit of objective function concerning for 
internet services firm’s operating costs and revenues 
function. Furthermore, it also gives advices that internet 
service firm makes the best timing for when to enter or 
exit the free internet service market. 

Reference [1] used an option value model to examine 
the factors affecting an agribusiness firm’s decision 
whether and how much to invest in an emerging market 
under demand uncertainty. Demand uncertainty and 
investment irreversibility make investment less desirable 
than the net present value (NPV) rule indicates. The 
inactive firm is more reluctant to enter the market when it 
takes into account demand uncertainty because it 
preserves the opportunity of making a better investment 
later. This paper results have implications for agribusiness 
decision- making to understand and respond to 
uncertainty. 

Reference [2] presented a decision model using the 
real options approach for evaluating the entry or exit of 
the internet securities trading business in the face of both 
technological and economic uncertainties. The authors 
considered the effect of uncertainty and the added profits 
after establishing an electronic securities trading system to 
determine the optimal threshold for implementing the 
entry/exit project. Meanwhile, they presented the 
differences between the ROA and the NPV method and 
proved the accuracy of the ROA model. Reference [3] 
developed an economic model that explains the decision-
making problem under the uncertainty of an industrial 
firm that wants to invest in a process technology. This 
study accounts for the risk and uncertainty inherent in the 
volatile energy prices that can greatly affect the valuation 
of the investment project. The dynamic stochastic model 
presented allows the authors to determine the optimal 
technology choice and investment timing. 

Reference [4] presents that the discounted cash flow 
is the main tool for valuing projects and companies. Real 
options techniques can augment valuation. And using the 
case of Netscape demonstrates this. It provides an 
approximate valuation. In this study, they prefer equity 
valuation using various methodologies, including real 
options where appropriate, to arrive at a range of values. 
Reference [5] investigates three complementary measures 
of portal use: frequency of use, length of visits, and repeat 
use. To examine these three measures of use, they first 
classify the services provided by portals into three 
categories: search, information, and personal services. 
These three different functions affect portal use. Finally, 
this article results show strong repeat use for personal 
services followed by information services and search 
function. Both information and personal services tend to 
extend the length of portal visits. But they also find that 
search function availability drives more traffic to portals 
than information or personal services do. 
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In this article, it introduces the ROA to evaluate the 
internet service firms’ investment of free software. The 
authors combine the generated cash flows in finance and 
the potential value comes from the firms’ option spaces. 
Final this study constructs a model to assess the optimal 
entering/exiting timing.  
 

II. THE MODEL 
 

This article deals with three stages in which the 
internet service firms invest in the free software. 
Supplying the free software to the public is a huge cost to 
the internet service firms in the short-run. The internet 
service firms can’t acquire the revenues without spending 
much money investing in, building, and preserving the 
free software. Their main consideration is the increasing 
follow-up page view. If the use ratio of free software 
achieves a respectable level ( )U t , the firms can increase 
page view through supplying the free software and it can 

also make the advertising agency feel confident of using 
the internet promotion. It will be the main revenue source 
to the internet service firms. Meanwhile, the firms can 
invest in the free software further. However, If the use 
ratio is not enough, the firms can’t make the advertising 
agency use the internet advertisement and acquire 
sufficient revenues; then, they can choose to exit from the 
free software market. Assume the internet services firms 
have the potential value of entering next stage - investing 
in the free software, and also the potential value of exiting 
from the market now. Even if entering (exiting from) the 
market, the firms still can observe the market. If there is 
an opportunity, they can enter the market again to serve 
free services to grow their page views. Also, they can exit 
from the market if there is a threat. Each stage in the 
model is repeating behavior. The firms can depend on the 
use ratio to decide what to do. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig 1: Internet services firms’ free software supply and the thresholds to enter/exit model. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig 2: The special case that firms exit market directly from investing stage to settlement stage. 
 

It constructs a decision-making model of investing 
(disinvesting) in the free internet service, finding out the 
optimal investing **U and the disinvesting *U . In this 
model, the firms have an option to invest (disinvest) in the 
free software market, and the use ratio, ( )U t , evolves 
over time according to the following geometric Brownian 
motion: 

t
t

t

dU
dt dW

U
α σ= + , 0U U=                    (1) 

where tW  is a standard Wiener process, α  is the average 
grow rate of the use ratio, and σ  is the variance growth 
rate of the use ratio. The firm value at the present 
stage, ( )n tV U , is combined with the cash flows and 
potential values of entering and exiting from the market.  

Potential entering/ 
exiting value 

E ISettlement (e) Present (n) Investing (i) 

U**(t**)U*(t)

( )e tV U ( )n tV U ( )i tV U

U 

Potential entering value Potential exiting value 

E’ 

U 

U**(t**) 

Potential exiting value 

Settlement(e)  

( )e tV U ( )i tV U

Investing (i) 
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Cash flows show the firms generate cash receipts and 
payments. Potential values express the firms’ options to 
invest or disinvest in the free software. If the usage ratio 
achieves the threshold **U , the firms can go to the further 
step. Conversely, if the use ratio falls in the threshold *U , 
the firms will suffer the loss and have to settle their 
investment. Using Reference [6], the potential values are 

1 2
1 2

n n
n nA U A Uβ β+  there and the calculating result is as 

follows: 
2 21[ ( )] ( ( ) ( ))

2t t UU t t U tE dV U U V U U V U dtσ α= +         (2) 

where ( )tV U  means business values and ( )tV U ’s first-
order and second-order differentials are represented by 

( )U tV U and ( )UU tV U respectively. After calculating the 

coefficient nβ  by using the risk neutral condition, the 
following equation is satisfied: 

2 2 21 1( ) 0
2 2n n rσ β α σ β⋅ ⋅ + − − =                    (3) 

It means

2 2 2
1

2

1 1( ) ( ) 2
2 2

n

rσ α α σ σ
β

σ

− ± − +
= .  

 The firms have the potential values of entering and 
exiting meanwhile. The scale of coefficient is 1nA >0, 

1nβ >1 when the firms derive the potential entry value. 
The scale of coefficient is 2nA <0, 2nβ <0 when the firms 
produce the potential exit value Reference [1]. ( )n tUπ  is 
the cash flows of the internet service firms at the present 
stage, by definition, ( )n tUπ = [ ( ) ( )]n t n t tR U CO U Q− × . 
The firms’ revenue function is 2( )n t n t n t nR U c U d U e= + + , 
where ne  is the fixed revenue and ne >0. The firms’ 
revenues increase from higher free software use ratio and 
the marginal revenue is increasing, nc >0, and nd <0. The 
firms’ cost function is ( )n t n t nCO U a U b= + , where nb  is 
the firms’ fixed equipment cost and nb >0. Also, the 
variable cost, na , grows from higher usage ratio and 

na >0. tQ represents the quantity of the firms’ free 
software supply. The revenue and cost functions are 
summed up to 

( )n tUπ = 2[ ( ) ( )]n t n n t n n tc U d a U e b Q+ − + − × . Entering 
the market requires investing in researching and 
supporting the free software, I, and exiting from the 
market can take back settlement value, E. The definitions 
of 1nA , 2nA , α, and σ are as mentioned above . 1r  is the 
risk premium of investing at the present stage. The 
restrictions of 1nβ , 2nβ  are as follows: 

2 2 2
1

1 2

1 1( ) ( ) 2
2 2 1n

rσ α α σ σ
β

σ

− + − +
= >

;
 

2 2 2
1

2 2

1 1( ) ( ) 2
2 2 0n

rσ α α σ σ
β

σ

− − − +
= < . 

To sum up the present stage , the whole firm value is 
as follows: 

**
*

1
*

1 2

( )

1 2

[ ( )]

[ ] [ ]n n

t r s t
n t nt

n t n t

E dV U E e ds

E A U E A Uβ β

π− −⎡ ⎤= ⎢ ⎥⎣ ⎦
+ +

∫                 (4) 

If the firms choose to invest in the free services, they 
need to invest in the  expense, I. At the investing stage, 
the firms have the new formula of cash 
flows, ( )i tUπ = [ ( ) ( )]i t i t tR U CO U Q− × , and revenue 
function ( )i tR U  and cost function ( )i tC U   as follows: 

2( )i t i t i t iR U c U d U e= + + , ( )i tC U = i t ia U b+ , ie  is the 

fixed revenue and ie >0; ic >0, id <0, ic > nc  are due to 
the increasing  revenues from higher usage ratio and the 
increasing marginal revenues. ( )i tCO U =  i t ia U b+ , where 

ib  is the firms’ fixed cost and ib >0, and ia  is the 
variable cost which grows along with the increasing usage 
ratio. 

The firms will provide much better service to 
consumers after investing in their free software, and their 
variable costs will be higher than before as well ( ia > na ). 
Also their fixed costs will be higher than before ( ib > nb ). 

2( ) [ ( ) ( )]i t i t i i t i i tU cU d a U e b Qπ = + − + − × . 
The firms can exit from the market if the result is not 

as they expect, so the firms have the potential value of 
exiting, i

i tAU β . i
i tAU β  is the potential exiting value. iA , 

α, and σ are as mentioned in last paragraph. 2r  is the 
risk premium of the investing stage. The calculation of 

iβ is as follows:  

 

2 2 2
2

2

1 1( ) ( ) 2
2 2 0i

rσ α α σ σ
β

σ

− − − +
= < . 

To sum up the investing stage, the entire firm value is 
as follows: 

**
2

**

( )[ ( )] [ ] [ ]ir s t
i t i i tt

E dV U E e ds E AU βπ
∞ − −= +∫        (5) 

If the internet service firms provide the free software 
and the use ratio does not increase as the firms expect, it 
will not achieve the economy of scale. If the use ratio 
goes downs to the threshold *U , their supply of free 
service can not enhance the firm value. The firms should 
settle their investment and take back the settlement value, 
E (E>0). ( )e tUπ = [ ( ) ( )]e t e t tR U CO U Q− × and 

( )e t e t eR U c U d= + , where ec  is the fixed revenue and 
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ec >0 ; ed  is the variable revenue and ed >0. 
( )e t e t eCO U a U b= + , where eb  is the fixed cost and 

eb >0;  ea is the variable cost and ea >0. ( )e tUπ =  
[( ) ( )]e e t e e tc a U d b Q− + − × . 

The three stages are repeating behavior. The firms 
can enter the market again if there is an opportunity and 
the firms have the potential entering value, e

e tA U β . eA , α
, and σ are as mentioned in last paragraph. 3r  is the risk 
premium of the settlement stage. The calculation of eβ is 
as follows:  

2 2 2
3

2

1 1( ) ( ) 2
2 2 1e

rσ α α σ σ
β

σ

− + − +
= > . 

To sum up the settlement stage, the whole firm value 
is as follows: 
 

*
*

3 ( )

0
[ ( )] [ ] [ ( ) ]e

t r s t
e t e e tE dV U E e ds E A U βπ− −= +∫ .

      (6) 

The internet service firms can find out the potential 
value of entering or exiting at each stage of 
thresholds, *U and **U . The value-matching condition and 
smooth-pasting condition are introduced by Reference [7]. 

 
(a.1) Value-matching condition of present and investing 
stages: 
 

**
**

1 21
* 1 2

**
2

**

( ) ** **

( ) **

[ ( ) ] [ ( ) ]

[ ( ) ]                     

n n

i

t r t t
n n nt

r t t
i it

E e dt E A U E A U

I E e dt E A U

β β

β

π

π

−

∞ − −

⎡ ⎤ + +⎢ ⎥⎣ ⎦
⎡ ⎤+ = +⎢ ⎥⎣ ⎦

∫

∫  (7)

  

where
1

11 0
n

nA A U β≡ 　, 2A ≡  2

2 0
n

nA U β , 3 0
i

iA AU β≡ , 

4 0
e

eA A U β≡ , 1X ≡
2

0 0
2

1( 3 )
nc Q U

r α σ
⋅ ⋅

− − −
, 

2X ≡ 0 0

1

( )
( 2 )

n nd a Q U
r α

− ⋅ ⋅
− −

, 3X ≡ 0

1

( )
( )

n ne b Q
r α

− ⋅
− −

, 

1Y ≡ 0 0

3

( )
( 2 )

e ec a Q U
r α

− ⋅ ⋅
− −

, 2Y ≡ 0

3

( )
( )

e ed b Q
r α
− ⋅

− −
, 

1Z ≡
2

0 0
2

2( 3 )
ic Q U

r α σ
⋅ ⋅

− − −
, 2Z ≡ 0 0

2

( )
( 2 )

i id a Q U
r α

− ⋅ ⋅
− −

,  

3Z ≡  0

2

( )
( )

i ie b Q
r α
− ⋅

− −
, 11β ≡ 2 2 21 1exp[( ) ]

2 2e eα σ β σ β− + , 

21β ≡ 2 2 2
1 1

1 1exp[( ) ]
2 2n nα σ β σ β− + , 

22β ≡  2 2 2
2 2

1 1exp[( ) ]
2 2n nα σ β σ β− + , 

31β ≡ 2 2 21 1exp[( ) ]
2 2i iα σ β σ β− + , 4 1 1X X Z= + ,

5 2 2X X Z= + , 6 3 3X X Z= + , 

23α σ α+ = , ( )
7

tX =
2 *

1 1(3 ) ( 2 ) *
1 2[ r t r tX e X eα σ α+ − − −+ +

1( ) *
3 ]r tX e α− − . Equation (7) can be rewritten to: 

**** ** ** *
1

**** **
3121 22

2 ( )
4 5 6 7

1 2 3 0

r tt t t t

tt t

X e X e X e X e

A e A e A e I

α α α

ββ β

+ + −

+ + − + = .               (8) 

 
(a.2) Smooth-pasting condition of present and investing 
stages: It means the first-order differentials are equal at 
the two stages. 
 

** ** ** * **

**** **
3121 22

2 ( )
4 5 6 1 7

21 1 22 2 31 3

2

0

t t t t rt

tt t

X e X e X e r X e

A e A e A e

α α α

ββ β

α α α

β β β

+ + −

+ + − =         (9) 

 
(b.1) Value-matching condition of present and settlement 
stages:   

**
*

1 21
* 1 2

*
*

3

( ) * *

( ) *

0

[ ( ) ] [ ( ) ]

[ ( ) ]

n n

e

t r t t
n n nt

t r t t
e e

E e dt E A U E A U E

E e dt E A U

β β

β

π

π

− −

−

⎡ ⎤+ + +⎢ ⎥⎣ ⎦
⎡ ⎤= +⎢ ⎥⎣ ⎦

∫

∫ .(10) 
 

 where 3 2 1Y X Y= + , 4 3 2Y X Y= + , 5 1 2Y Y Y= + , 
** ** *** **

1 1 1( 2 ) ( )( )
6 1 2 3[ ]r t r t r tt tY X e X e X e eα αα − − − −= + + ⋅ Equation 

(10) can be rewritten to: 
* ** * * **

3 1

* * *
21 22 11

2 ( )
1 3 4 5 6

1 2 4 0

r t r tt t t t

t t t

X e Y e Y e Y e Y e

A e A e A e E

α α α

β β β

− − − + +

+ + − + = .        (11) 

 
(b.2) Smooth-pasting condition of present and settlement 
stages: 
 

** * *
3

* * ***
1 21 22

*
11

2
1 3 4 3 5

( )
1 6 21 1 22 2

11 4

2

0

r tt t t

r t t tt

t

X e Y e Y e r Y e

r Y e A e A e

A e

α α α

β β

β

α α α

β β

β

− − ⋅ − ⋅ + ⋅

+ ⋅ + ⋅ + ⋅

− ⋅ =
.         (12) 

 
(c.1) Special case: Value-matching condition of investing 
and settlement stages: 

**
**

3

**
2

**

( )

0

( ) **[ ( ) ]i

t r t t
e

r t t
i it

E e dt

E e dt E A U Eβ

π

π

−

∞ − −

⎡ ⎤ =⎢ ⎥⎣ ⎦
⎡ ⎤ ′+ +⎢ ⎥⎣ ⎦

∫

∫ .
             (13) 

where 4 1 2Z Y Z= + , 5 2 3Z Y Z= + , and 6 1 2Z Y Y= + .

  Equation (13) can be rewritten to:  
**** ** **

3

**
31

2
1 4 5 6

3 0

r tt t t

t

Z e Z e Z e Z e

A e E

α α α

β

+ + −

′− − = .                 (14) 

 
(c.2) Special case: Smooth-pasting condition of investing 
and settlement stages: 
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Abstract – This study uses the mathematical model of 
game options to analyze when the distributors of the two 
countries choose to invest in the domestic or international 
marketing channel, they will consider competitors’ behavior 
and invest in the marketing channels of the two countries 
based on the optimal time point. The results will provide 
distributors with the references of evaluating the influence 
of the potential channel value on the firm value and deciding 
whether to enter the international marketing market when 
they want to invest in the multi-national marketing channel 
in the future.  

 

Keywords - marketing channel, decision-making, game 
options, geometric Brownian motion  

 
I.  INTRODUCTION 

 
The selection and operation of marketing channels 

represent the interactive links between producers and 
consumers. The world's richest man Bill Gates said: 
“Those who control channels will be winners in the 21st 
century." For example, 7-ELEVEN’s vertical 
integration of channels creates the high growth rate of 
sales and makes it become Taiwan's no. 1 retailer. The 
paper aims to use the game options  in consideration of 
competitors’ reactions to construct a mathematical model 
for the payoffs generated from distributors’ investing in 
the home country or host country, and introduces the 
assessment of the potential channel value to reflect the 
investment value of financial payoffs. 

Reference [1] pointed out that international 
marketing means a company sells products or services to 
the customers or users more than a country and attempts 
to use effective international commercial activities to 
obtain more profits from the international market. 
Unquestionably, distributors choose to invest in the 
international marketing channel in order to create 
international business opportunities because they want to 
expand the need of the market, economy of scale, 
technology, and products.  Thus, the paper wants to 

explore how to measure the future expected revenues and 
corresponding investment threshold when distributors 
undertake the decision-making of investing in the 
international marketing channel. Reference [2] put 
forward when distributors face an uncertain environment 
and irreversible investment, if they are willing to spend 
time obtaining more information before deciding whether 
to invest, this waiting value will be the same as the 
waiting value or time value of options and this 
decision-making rule will find out not only the optimal 
but also the second best time point for investment 
correctly. 
Reference [3] explained that under the fluctuations of 
exchange rates, the issues like entry investment, capital 
increase for production, and transfer investment or 
transfer production which multinational enterprises will 
face are related to the analysis of decision-making of 
options. Reference [4] proposed the analysis of five 
forces and its purpose is to define a high or low degree of 
market appeal. Five forces are composed of the 
dimensions that closely affect a company's customer 
service and profits, and the change of any force is likely 
to attract the company to exit from or enter the market.  
Reference [5] constructed a mathematical model of game 
options to analyze the situation when many enterprises 
compete for a single investment project. The authors 
assumed that the value of this project follows the 
geometric Brownian motion. The research result showed 
that the optimal investment threshold under the Nash 
equilibrium will range between the threshold under the 
full information equilibrium and the threshold under the 
monopoly market.   Reference [6] used the game 
options to explore the optimal investment 
decision-making for fully competing enterprises under the 
circumstances that there exist the incomplete information 
and first-occupied advantage. The research result showed 
that the optimal investment threshold for enterprises will 
range between the threshold under the NPV of zero and 
the threshold under the monopoly enterprise.  
Reference [7] used the game options to explore how 
enterprises’ decision-making of investing in the project is 
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affected by the uncertainty of demand, costs, and 
competitors. The research result showed that aggressive 
enterprises have the option of exiting from investing, so 
they are not willing to give up investing under the 
uncertainty of demand, while conservative enterprises 
have the option of waiting to invest, so they are not 
willing to invest under the uncertainty of demand. 
Reference [8] compared the traditional discounted cash 
flow modeling with the real options valuation. The 
authors proposed using a derivative of scenario planning 
and qualitative real options to evaluate the 
non-quantifiable factors in a project that will be better 
under the circumstances that uncertainty increases and 
forecasting becomes difficult.  

Based on the above literature, the paper will use the 
game options to assess international distributors’ 
decision-making of investing in the international 
marketing channel and the future expected investment 
payoffs and corresponding optimal investment threshold. 

 
II.  THE MODEL 

 
The model aims to explore how to expect the 

potential value generated from future payoffs when 
distributors undertake the decision-making of investing in 
the international marketing channel, namely how the 
investment strategy in consideration of competitors’ 
reactions affects the firm value. It is assumed that two 
countries have their respective distributors who compete 
for the marketing channels of the two countries, i.e. 
consider investing in the marketing channels of the two 
countries (country A and country B). The model wants to 
find out the expected investment threshold of the two 
distributors and the optimal time point for investing in the 
international marketing channel. Assuming the country 
base of distributor H is country A, the subjective 
investment opportunity of investing in the marketing 
channel of country A is p  and that of investing in the 
marketing channel of country B is1 p− . Assuming the 
country base of distributor F is country B, the subjective 
investment opportunity of investing in the marketing 
channel of country A is q  and that of investing in the 
marketing channel of country B is1 q− . TABLE I shows 
the expected payoffs in the marketing channels of the two 
countries.

 
TABLE I  

The corresponding coefficients for the expected payoffs in the marketing channels of the two countries 

Distributor H  

The marketing channel of country A 

( )p  

The marketing channel of country B

(1 )p−  

The marketing channel of country A 

( )q  
( , )H F

AA AAπ π  ( , )H F
BA BAπ π  

Distributor F 
The marketing channel of country B 

(1 )q−  
( , )H F

AB ABπ π  ( , )H F
BB BBπ π  

 
jk

iπ  represents the corresponding coefficients for the 
expected payoffs in the marketing channels of the two 
countries, where i H F= 、 is distributor H or F; j A B= 、  
is country A or B that distributor H invests; k A B= 、 is 
country A or B that distributor F invests. By using the 
payoff equating method (Reference [9]), we can get: 

[ (1 ) ]

(1 ) [ (1 ) ]

H H
AA AB

H H
BA BA

p q q

p q q

π π

π π

× × + − × =

− × × + − ×
  (1) 

Eqn. (1) shows whichever country distributor H 
chooses to invest, the expected payoffs generated from 
investing in country A and B will be the same. 

[ (1 ) ]

(1 ) [ (1 ) ]

F F
AA BA

F F
AB BB

q p p

q p p

π π

π π

× × + − × =

− × × + − ×
  (2) 

Eqn. (2) shows whichever country distributor F 
chooses to invest, the expected payoffs generated from 
investing in country A and B will be the same. 

By combining Eqn. (1) with Eqn. (2), *p , the 
optimal subjective investment opportunity of distributor 
H and *q , the optimal subjective investment opportunity 
of distributor F can be obtained as follows: 

2
* 4

2
E E Np

N
− ± − Π

=               (3) 

only the positive root is chosen, 
( ) ( )

( ) ( )

H F F H F F
AA AB BB AB AA BA

H F F H F F
BA AB BB BB AA BB

N π π π π π π

π π π π π π

≡ − + −

+ − + −
; 

[( ) ( )] [( )

( )] ( + ) ( )

F H H H H H F F
BB AA BA BA BB BB BA BB

F F F H H F H H
AA AB BA AB BB AB BA BB

E π π π π π π π π

π π π π π π π π

≡ + + − + +

− + + − −
; 

( ) ( )H H H H F F
BB BA BB BB BA BBπ π π π π πΠ = − + + , 

* *
*

* *

(1 )
( ) (1 )( )

F F
AB BB

F F F F
AB AA BA BB

p p
q

p p
π π

π π π π
+ −

=
+ + − +

      (4) 



It is assumed the strategy of distributor H is to first 
invest in the marketing channel of the home country 
(country A), namely there exists the potential strategy 
value of investing in the marketing channel of country A 
at the waiting stage. When distributor H invests in the 
marketing channel of country A, it has to pay H

AC , the 
cost of investing in the marketing channel of country A; 
at this time, the threshold of expected payoffs is E[ H

Aπ ] 
and the corresponding time point is *

1t respectively. 
Meanwhile, distributor H also considers the other strategy 
of investing in the marketing channel of country B, 
namely there exists the potential strategy value of 
investing in the marketing channel of country B. When 
distributor H invests in the marketing channel of country 
B, it has to pay H

BC , the cost of investing in the marketing 
channel of country B; H

AR  is the residual value generated 
from distributor H’s liquidating the marketing channel of 
country A and 1

2
H
Aπ  is distributor H takes half of the 

payoffs from the marketing channel of country A to 
country B; at this time, the threshold of expected payoffs 
is E[ H

Bπ ] and the corresponding time point is *
2t  

respectively.  It is also assumed the strategy of 
distributor F to first invest in the marketing channel of the 
home country (country B), namely there exists the 
potential strategy value of investing in the marketing 
channel of country B at the waiting stage. Similarly, it has 
to pay F

BC and F
AC , the cost of investing in the marketing 

channel of country B and A; F
BR  is the residual value 

and 1
2

F
Bπ  is half of the payoffs at the last stage; at this 

time, the threshold of expected payoffs are E[ F
Bπ ] and 

E[ F
Aπ ],also the corresponding time point are *

3t and 
*
4t respectively. So we will not repeat here. In 

addition, the cash flows of the actual payoffs of the two 
distributors are the overall market payoffsπ multiplied by 
the corresponding coefficients at various stages in 
TABLE I.  

In the waiting stage, distributor H doesn’t invest in 
any country that has the potential strategy value of 
investing in country A; 0

Hα is the average growth (bank 
rate), 0

Hr  is the risk factor (discounted rate), and 0
Hσ  is 

the volatility of waiting stage.  In the country A stage, 
distributor H decides to invest in country A that has the 
potential strategy value of investing in country B; H

Aα  is 
the average growth of investment project A, H

Ar  is the 
risk factor of investment project A, and H

Aσ  is the 
volatility of investment project A. In the country B stage, 
distributor H decides to invest in country B but doesn’t 
have next stage to invest; H

Bα  is the average growth of 
investment project B and H

Br  is the risk factor of 
investment project B. The relationship among 0

Hα , H
Aα , 

H
Bα is that H

Bα is greater than H
Aα and H

Aα is greater 
than 0

Hα . The relationship among 0
Hr , H

Ar , H
Br is 

that H
Br is greater than H

Ar and H
Ar is greater than 0

Hr . The 
relationship between 0

Hσ and H
Aσ is that H

Aσ  is greater 
than 0

Hσ .

 H
AC  H

BC 、 H
AR 、 1

2
H
Aπ   

( )0
H

tV π  ( )H
A tV π  ( )H

B tV π  

( 0
Hσ 、 0

Hα 、 0
Hr )  ( H

Aσ 、 H
Aα 、 H

Ar )  ( H
Bα 、 H

Br ) 

H waiting stage country A stage country B stage 

０ [ ]H
AE π  [ ]H

BE π  tπ

 *
1t  *

2t  ∞

 
 F

BC  F
AC 、 F

BR 、 1
2

F
Bπ   

( )0
F

tV π  ( )F
B tV π  ( )F

A tV π  

( 0
Fσ 、 0

Fα 、 0
Fr ) ( F

Aσ 、 F
Aα 、 F

Ar )  ( F
Bα 、 F

Br ) 

F waiting stage country B stage country A stage 

０ [ ]F
BE π  [ ]F

AE π  tπ
 *

3t  *
4t  ∞

Fig. 1. The model of the two distributors’ investing in the marketing channels 
 

Moreover, the overall market payoffs tπ  at time 
t follow the geometric Brownian motion:  

t
t

t

d
dt dw

π
α σ

π
= +  ; 0π π=    (5) 

where α is the average growth rate of the quantity of 
payoff , σ is the change of the growth rate of the quantity 
of payoff, and tdw  is the change of quantity per unit 
time with zero mean and variation deviation of dt in 
standard Wiener process.  



When distributor H has not invested in the 
marketing channel of any country yet, the overall firm 
value is ( )0

H
tV π  at this stage and the expected value 

function (by using Ito’s Lemma [10]) is as follows: 
0

0 0[ ( )] [ ]
HH H

t tE dV E A βπ π=       (6) 
Where E[ 0

0

HH
tA βπ ] is the potential strategy value of 

investing in the marketing channel of country A when 
distributor H has not invested in the marketing channel of 
country A yet, 0

HA  is the multiplier effect of potential 
value, and 0

Hβ  is the scale factor shown as follows: 
2 2 2 21 1

2 20 0 0 0 0 0
0 2

0

( ( ) ) ( ( ) ) 2( )
1

( )

H H H H H H
H

H

rσ α α σ σ
β

σ
− + − +

= >  (7) 

where 0
Hr  is the risk factor when distributor H waits to 

invest in the marketing channel of country A (discounted 
rate).  When the overall market payoffs π  reach the 
threshold of expected payoffs E[ H

Aπ ], distributor H will 
pay H

AC  (the cost of investing in the marketing channel 
of country A) in order to invest in the marketing channel 
of country A. After distributor H invests in the marketing 
channel of country A, the overall firm value is ( )H

A tV π at 
this stage and the expected value function at the threshold 
of expected payoffs is as follows: 

*
*2
1

*
1

( )

* *

[ ( )] [ ]

( (1 ) ) [ ( ) ]

H
A

H
A

t r t tH
A t tt

H H H
AA AA A t

E V E e dt

q q E A β

π π

π π π

− −= ⋅

× + − × +

∫ (8) 

where 
*

*2
1

*
1

( ) * *[ ]( (1 ) )
H
A

t r t t H H
t AA ABt

E e dt q qπ π π− ⋅ −⋅ × + − ×∫   

is the value of the cash flows of expected payoffs 
generated from distributor H’s investing in the marketing 
channel of country A, i.e. the value of the total profits of 
sales revenues at this stage, E[ ( )

H
AH

A tA βπ ]is the potential 
strategy value of investing in the marketing channel of 
country B when distributor H has not invested in the 
marketing channel of country B yet, H

AA  is the 
multiplier effect, and H

Aβ  is the scale factor shown as 
follows:  

2 2 2 21 1
2 2

2

( ( ) ) ( ( ) ) 2( )
1

( )

H H H H H H
A A A A A AH

A H
A

rσ α α σ σ
β

σ
− + − +

= >   (9) 

where H
Ar  is the risk factor after distributor H invests in 

the marketing channel of country A (discounted rate). 
When the overall market payoffs π  reach the 

threshold of expected payoffs E[ H
Bπ ], distributor H will 

pay H
BC  (the cost of investing in the marketing channel 

of country B) in order to invest in the marketing channel 
of country B. After distributor H invests in the marketing 
channel of country B, the overall firm value is ( )H

B tV π at 
this stage and the expected value function at the threshold 
of expected payoffs is as follows: 

( )*
2

*
2

* *

[ ( )]

[ ]( (1 ) )
H

B

H
B t

r t t H H
tt

E V

E e dt q q

π

π π π
∞ − −

=

⋅ × + − ×∫ BA BB

 (10) 

where
*
2

*
2

( ) * *[ ]( (1 ) )
H
Br t t H H

tt
E e dt q qπ π π

∞ − −⋅ × + − ×∫ BA BB  

is the value of the cash flows of expected payoffs 
generated from distributor H’s investing in the marketing 
channel of country B, i.e. the value of the total profits of 
sales revenues at this stage. H

Br  is the risk factor after 
distributor H invests in the marketing channel of country 
B (discounted rate). 

Similarly, we can derive the values generated from 
distributor F’s investments at various stages, so we will 
not repeat here. 

 
III.  INVESTMENT THRESHOLD 

 
By using the value-matching condition advocated 

by the Reference [11], we can calculate the values 
generated from distributor H’s and F’s investing in the 
marketing channels of country A and B at the various 
thresholds of expected payoffs as follows: 

1. Distributor H: from the waiting stage to country A stage 

By using Eqn. (6) (the threshold of expected 
payoffs is E[ H

Aπ ] and the corresponding time point is *
1t ) 

plus H
AC , the cost of investing in the marketing channel 

of  country A and Eqn. (8) plus H
AR , the residual value 

generated from distributor H’s liquidating the marketing 
channel of country A, we can get the equating 
relationship at this threshold of expected payoffs as 
follows: 

*
*2

0 1
*
1

( )
0

* *

[ ( ) ] [ ]

( (1 ) ) [ ( ) ]

H H
A

H
A

t r t tH H
t A tt

H H H
AA AB A t

E A C E e dt

q q E A

β

β

π π

π π π

− −+ = ⋅

× + − × +

∫ (11) 

By using the moment generation function, we can 
get the following three equations: 

2 2 *1
0 0 0 0 0 10 0 2[ (( ) )( ) ]

0 0[ ( ) ]
H H H H HH H tH H

tE A A e β α β β σβ βπ π + −= , 

2 2 *1
12[ (( ) )( ) ][ ( ) ]

H H H H HH H
A A A A AA A tH H

A t AE A A e β α β β σβ βπ π + −= ,  

and the mean equation of geometric Brownian motion 
[ ] 0

t
tE eαπ π= ⋅ . By incorporating these three equations 

into Eqn. (11), we can get: 
*( ) 1* * *

00 0 1 2 1

*
2

0 ( )
( )

0

H Hr tHH H H HA A
A A A

H
A

H H
A A

eB t r t r tH H
A r

B tH
A

A e C e e

A e

απβ

β

π

π

+
⋅Σ ⋅ − −+ + −

− =
  (12) 



where    2 21
20 0 0 0 0 0(( ) )( )H H H H H HB β α β β σ≡ + − ;  

* *(1 )H H H
AA ABA

q qπ π≡ × + − ×∑ ; 

Moreover, by using the smooth-pasting condition 
advocated by [11], the first differential equation of *

1t on 
Eqn. (12) can be obtained as follows: 

*( ) 1* 00 0 1

*
1

( )
0 0

0( ) 0

H HH r tH H A AH H A A A
H
A

H
A

r eB tH H
r

H tH H
A A A

B A e

r e

αα πβ

α

π

α π

++ ⋅ ⋅
+

+ + =

∑

∑
 (13) 

2. Distributor H: from country A stage to country B stage 

By using Eqn. (8) (the threshold of expected 
payoffs is E[ H

Bπ ] and the corresponding time point is *
2t ) 

plus H
BC , the cost of investing in the marketing channel 

of country B and Eqn. (10), we can get the equating 
relationship at this threshold of expected payoffs as 
follows: 

*
2

*
*2
1

*
1

*
2

*
2

1
2

( ) * *

( ) * *

[ ]( (1 ) )

[ ]( (1 ) )

H H
A A

H
A

H
B

tH H H H
A A B A

t r t t H H
t AA AB
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r t t H H
t BA BB

t

A e R C

E e dt q q

E e dt q q

βπ π

π π π

π π π

Β
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∞ − −

+ + +

+ ⋅ × + − ×

= ⋅ × + − ×

∫

∫

(14) 

Reorganizing Eqn. (14) can get: 

( )

* *
1 2*

02

*
2* * *

02 1 2

1
2 ( )

( )
( )

( ) 0

H Ht r tHH H A A
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A

H Hr tB BBH H H
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e eB tH H H H
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e e e

α

α
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(15) 

where  2 21
2 (( ) )( )H H H H H H

A A A A A AB β α β β σ≡ + − ; 

* *(1 )H H H
BA BBB

q qπ π≡ × + − ×∑ ; 

Furthermore, by using the smooth-pasting condition 
advocated by [10], the first differential equation of *

2t  on 
Eqn. (15) can be obtained as follows: 

*
2*

02
0 0

H tH BH H B
B FA A

H
B

er tH H H
A A A r

B A e
αα πβπ π ⋅ ⋅Σ ⋅+ ⋅Σ ⋅ − = (16) 

Through Eqn. (12), (13), (15), (16), we can obtain 
distributor H’s multiplier effects of potential value 0

HA , 
H
AA  and thresholds of expected payoffs E[ H

Aπ ], E[ H
Bπ ] 

or optimal time points *
1t , *

2t .  Similarly, we can 
obtain distributor F’s multiplier effects of potential value 
and thresholds of expected payoffs E[ F

Bπ ], E[ F
Aπ ] or  

optimal time points *
3t , *

4t , so we will not repeat here. 
 

IV.  CONCLUSION 

 
The paper uses the game options to build a 

mathematical model in consideration of competitors’ 
investment behavior to decide the expected payoffs and 
evaluate the optimal time point for investing in the 
domestic or international marketing channel assuming 
that there exists the potential entry value but no potential 
exit value for distributors to invest in the domestic or 
international marketing channel and the overall market 
payoffs follow the geometric Brownian motion. The 
results will provide the references of evaluating the costs 
and payoffs and the cash flow value generated from the 
investments and considering competitors’ investment 
strategies and distributors’ potential value of changing 
their strategies in order to measure whether the 
investments reach the expected payoffs when distributors 
want to invest in the international marketing channel in 
the future.  
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All the thresholds *U , **U , and related parameters 
1nA , 

2nA , eA , and iA  by the nonlinear stochastic equations 
which are composed of formula (8)-(15) can be found 
numerical solution hereafter.  
 
 
 

III. CONCLUSION 
 

This study utilizes the real options approach to 
construct the mathematical decision-making model of 
investing (disinvesting) in the free internet service. Using 
the realistic and potential business values evaluates the 
investing project of financial effect. Additionally, this 
study deals with the optimal use ratio of free software 
service and provides the firms to measure their expected 
achievement. In this article, the use ratio assumes to 
follow geometric Brownian motion. The costs of 
increasing page views will be affected by researching the 
free software, building network spaces, providing anti-
virus functions, etc. The firms’ revenues are arisen from 
the advertiser’s trust and confidence and the advertiser 
will choose to promote through the internet. This study 
attempts to construct a model that shows the internet 
service firms’ cost and revenue functions. And it also 
gives the advices for the firms to decide the best timing of 
entering or exiting from the market. 
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Abstract - In consideration of the development of the 
technology industry and the issue of global warming caused 
by the environmental pollution and deterioration, 
“Corporate Social Responsibility (CSR)” has become the 
subject of attention. Therefore, this paper will explore how 
enterprises evaluate the relationship between the additional 
cost for protecting the environment and the intangible firm 
value generated from investing in CSR in order to obtain the 
maximum firm value under the consideration of 
environmental economics. This paper introduces the utility 
function to analyze the intangible benefits generated from 
investing in CSR and uses the real options approach to 
construct a mathematical model to find out the optimal time 
point for investing in CSR. The result can provide the 
reference of decision-making for managers in consideration 
of the profits under the financial economics and the 
corporate social responsibility under the environmental 
economics.

Keywords - Corporate social responsibility, technology 
industry, environmental economics, real options

I.  INTRODUCTION

Since Asia Financial Crisis occurred in 1997, Enron 
had been malicious bankrupt in December 2001 and many 
well-known and large enterprises such as Tyco, 
WorldCom, Xerox, Merck & Co., etc. had been also 
involved in a series of accounting scandals. Since then, 
corporate sustainability has been an important subject for 
many enterprises and corporate social responsibility (CSR) 
has also evolved into an indispensable element of 
corporate sustainability. Many norms and initiatives 
related to CSR are established one after another 
internationally (For example: The OECD Guidelines for 
Multinational Enterprise; The UN Global Compact; ILO 
Conventions; ISO 14000; Accountability 1000; The 
Global Report ring Imitative; The Global Sullivan 
Principles; Social Accountability 8000) so that enterprises 
can feed back the society where they get resources and 
should find the balance between cooperate growth and 
social progress when they pursue corporate financial 
performance (CFP). 

Inevitably enterprises aim to maximize the 
shareholder’s equity, but enhancing social performance 
has also become a factor that enterprises must take into 
account while people are concerned about CSR nowadays. 
Therefore, enterprises should not only care about how to 
maximize the shareholder’s equity but also consider the 
benefits of other stakeholders like employees, consumers, 

communities, and the environment). However, the issue 
that enterprises are most concerned about is how the 
investment of CSR affects their financial performance. 
The result of the present study shows that the relationship 
between CSR and CFP is not clear. Reference [1] 
explained the reason may be because the uses of samples 
and the methods of measuring the relationship between 
CSR and CFP are different, [2] showed the researches of 
valuating CSR are inadequate, [3] showed the research 
methods are different, and so on.

For the relationship between CSR and CFP, [1]
explored 62 data to find that the relationship between 
them is negative; Reference [4] used almost the same 
database but in a different combination of categories to 
conclude that the relationship between them is mostly 
positive; Reference [3] pointed out that such a moral 
orientation (CSR) has a positive relationship with CFP. If 
the relationship between CSR and CFP is explored from 
an indirect viewpoint, [5] and [6] proposed to explore 
their relationship from a resource-based view of the firm. 
This viewpoint considers that the organization can be
divided into tangible and intangible assets; Reference [7] 
showed both assets can enhance the organization’s 
competitive advantage and further affect the 
organization’s strategy decision. Reference [8] and [9] 
explained the benefit generated from CSR can be 
regarded as corporate intangible asset and further affect 
corporate strategy decision. CSR can enhance corporate 
competitive advantage, improve corporate brand image, 
and increase corporate popularity. In addition, [6] from 
the viewpoint of resources, presented CSR can also 
enhance the organization’s performance and competitive 
advantages that introduced in [10].

Coca-Cola co. had raised USD 60 million for children 
and youth fund in the past 10 years, which really 
contributed to social welfare; NIKE had announced 
“Corporate Social Responsibility Report” and hoped to 
remove the negative impression on their dealing with 
environmental and ecological problems and the problem 
of labor exploitation. In the past few years, there have 
been at least four large banks using corporate social 
investment (SRI) to evaluate their social investment 
strategy. For example, Citicorp's Smith Barney Financial 
Securities Corporation used the qualitative method to 
evaluate the issue of the sustainability of 28 industries in 
its announced research report; Goldman, Sachs & Co. 
used the quantitative method with 42 evaluation standards 
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�
* *( )t�

0 ( )tV � 1( )tV �

I

0r 1r

Waiting Stage Entering Stage

Fig. 1: Investment decision-making model for corporate social responsibility

related to the environment, society, and governance to 
transform social performance into financial performance 
in the energy industry and disclosed the concrete results 
of new legacy assets or new oil field; UBS corp. tried to 
establish a framework to judge the CSR in each industry 
and quantitate the value in its SRI report. Merrill Lynch 
cooperated with World Resource Center to announce a 
study, which analyzed the investment opportunity within 
climate change for the auto industry and made some 
specific recommendations for investment.

In this paper, the benefits generated from investing in 
CSR (social justice, environmental sustainability, 
corporate image) will be transformed into the utility 
function of economics. This paper uses the real options 
approach to construct a mathematical model to find out 
the optimal time point for investing in CSR and provide 
the reference of decision-making for managers in
consideration of the profits under the financial economics 
and the corporate social responsibility under the 
environmental economics.

II. THE MODEL

In this paper, the utility function U( *[ ]E � )represents 
the intangible value after enterprises invest in CSR, 
namely the subjective actual benefit after enterprises 
invest cost I in CSR. Before investing in CSR, enterprises 
should consider the potential entering loss, and the 
benefits generated from investing in CSR and aim to 
maximize the overall profit to serve as the basis for 
business decision-making.

This model illustrates the best investment time point 
for CSR under the subjective utility function. Variable 

0 ( )tV � is the total value at the waiting stage, including the 
operating cash flows and the potential strategy value of 
investing in CSR. Variable t� is the operating revenues at 
any time point. Variable 1( )tV � represents the total value 
at the entering stage, including the operating cash flows 
and the utility U( *[ ]E � ). In addition, the risk coefficients 
(discounted rates) at the waiting stage and entering stage 
are 0r and 1r respectively. Since investing in CSR will 
raise the operating cost, we assume that 1 0r r� , which 
accords with the relationship between return and risk.

The decision variable in this model is t� . Therefore, 
* *( )t� is the threshold for the maximum profit. It is 

assumed the operating revenues t� follow geometric 
Brownian motion (GBM). 

   t
t

t

d
dt dw

�
� �

�
� � � � ; 0� ��                     (1)

where � is the average growth rate of operating 
revenues, � is the volatility growth rate of operating 
revenues, and tdw follows the standard Wiener process 
with mean zero and variance dt , i.e. 	 
~ 0,tdw N dt .

At the waiting stage, the total value includes the 
operating cash flows and the potential loss of investing in 
CSR. The expected value function is showed as follows: 

**
0

* *
( )* *

0 0 0[ ( )] |r t tt
tt t

E dV E e dt E A I
�

� � � � �� 
 �
 � 
 �� � � � �� �� �� � � �
(2)

Where E[
**

0 ( )
0

r t tt e dt��� ]is the operating cash flows at 
the waiting stage, i.e. the total operating revenue at this 
stage. A is the scale coefficient of potential investment in 
CSR. E[ *

*[ ]
t

A �� ] is the expected entering lost. Meanwhile, 
they should invest the capital I in CSR. We can find the 
potential entering loss by using Ito’s Lemma introduced 
in [11] as follows (please omit the subscript of *

*
0 ( )

t
V � and 

keep ( )tV � instead): 

2

2 2

1[ ( )] ( ) ( ) ( )
2

1( ( ) ( ))
2

t t t t t

t t t t

E dV E V d V d

V V dt

� ��

�� �

� � � � �

� � � � � �


 �� � � � �� �� �

� � � � � � �

      (3)

Here we use ( )tV� � and ( )tV�� � to represent the first-
order and second-order differential on t� of enterprise 
value ( )tV � respectively.  By using the risk neutral 
condition, the coefficient � is calculated to satisfy the 
equation: 

2 2 2
0

1 1( ) 0
2 2

r� � � � �� � � � � � , that is:

       

2
2 2 2

0

2

1 1 2
2 2

r� � � � �
�

�

� � � �� � � �� � � �
� � � ��               (4)
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This paper assumes that only the potential entering 
loss but not the potential exiting value exists at the 
waiting stage. So we only choose the positive root 

1� � (please see the explanation of [12] for details).
     When enterprises evaluate that the operating revenue 
of investing in CSR reaches the threshold *� , they should 
invest the capital I in CSR. At this time, the enterprise 
value is *

*
1( )

t
V � and the expected value function is as 

follows: 

*
1

* * *
( )* *

1[ ( )] ( [ ])r t t
t t t

E dV E e dt U E� � �� ��
 �� �� ��       (5)

Where *
1

*
( )r t t

t
E e dt�� ��
 �
� �� means the operating cash flows 

after investing in CSR and the risk coefficient (discounted 
rate) is 1r . 

This paper uses the utility function U(I) as follows :

* * 2 *( [ ]) ( [ ] ) ( [ ] )+U E a E I b E I c� � �� � � �          (6)

where a b c are known coefficients. This paper 
assumes that the utility function is related with the 
expected profit and investment money. Here we only 
choose the increasing part of the parabola to comply with 
the general utility preference.

This model describes the changes of operating 
revenues when investing in CSR. Firms may decrease 
their operating revenues because of extra investment in 
CSR, but this can be offset by earning intangible value 
like raising public image, improving public relationship,
and reducing the environment pollution. Managers can 
use this model to find out the balance between revenues 
and the overall environment.

III. DECISION THRESHOLD

        Based on the value-matching condition and smooth-
pasting condition introduced by [12], the threshold * *( )t�
at each stage can be counted in order to find the 
maximum enterprise profit *[ ]tE � and the coefficient of 
the potential entering loss A.

1. The value-matching condition for the waiting and 
entering stages

**
0

*

*
1

*

( ) *
0 0

( ) *

|

( [ ])

r t tt
t t

r t t
tt

E e dt E A I

E e dt U E

�
� � � �

� �

�

� ��


 �
 � 
 �� � � �� �� �� � � �

 �� �� ��

         (7)

Eqn. (7) can be simplified as follows:

*
0*

0
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*
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1
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ee U E
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             (8)

By incorporating 
2 2 *

*

1 1( )* 2 2[( ) ]
t

t
E

� � � ���� �
� �

� (MPG) 

and *
*

* [ ]1 ln( )t
E

t
�

� �
� (the geometric Brownian motion 

expectation formula) into Eqn. (8), the simplified result 
can be obtained as follows:

0 0

1

1

( )1
0 0

1
0 0 1

*2( ) *

( ) [1 ]

A ( )

[( ( ) ( )] [ ] 0

r r

rS

r

r

I r

a I b cE E I

�

�

� � � �
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� � �

� ��

�

� �

� � �
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� � �

� �
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� �
� �

�
  (9)

Where 2 21 1( )
2 2

S � � � ��� � � ,
1*

0

[ ]=( )E ���
�

� .

2. The smooth-pasting condition for the waiting and 
entering stages

By using the smooth- pasting condition introduced 
by [12], i.e. the first-order differential on E[ *

*
t

� ] of Eqn. 
(9), the following result can be derived: 

0
0 0 0

0
1 1

1 1
1

1 ( )0 0
0 0 0

0 0

( )* 1
0 0

1

* *1
0 0

1

( )1 1[1 ]

1[ ] A

( )1 [ ] +2 ( [ ] )

r
r r r

r
r rS

r r
r

r r
r r

rSE
r

r E a E I b
r

�
� �

� ���

�
� �

�� � � � � �
� � � �

� � � � � �
� � �

�� � � � �
� �

�
� � �

�
� � ��

� �

�
� � � � � � �

� �

� � � � � � �
�

� �
� � �

�

� � �

� � �

�

(10)

E[ *
*
t

� ] and the parameter A can be obtained by the 
Simultaneous non-linear equations of Eqn. (9) and (10).  

It is assumed that
01

1
0

r

C
r

��
�

�

�
�

;
1

2

s

C ��
�

� ;

1 0
3

0 1

2
( )( )

r rC
r r

�
� �
� �

�
� �

, so the coefficient of the potential 

entering loss A can be derived as follows:

  
	 


0

*

*

*0
1

*
2

( ) 1 [ ]

(1 ) [ ]

r

t

s

t

rU I I K C E
A

s C E

�

�

�
�

�
�
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� ��

�
          (11)

By incorporating Eqn. (11) into Eqn. (10), we can 
find *

*[ ]
t

E � follows the non-linear equation below: 
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       (12)

In Eqn. (12), we can find the best expected profit 

*
*[ ]
t

E � and use 
*
*

* [ ]1 ln( )t
E

t
�

� �
� to find the optimal 

time point *t for investing in CSR. 

IV. NUMERICAL EXAMPLE ANALYSIS

According to practical experience, Eqn. (9) and (10) 
provide the reference of the relationship between waiting 
stage and entering stage to substitute the mathematical 
model for the practical illustration. The study uses the 
MATLAB software to solve the numeric of the 
parameters.

We assume that the firm’s growth rate � =0.1 per 
month and the volatility of the firm growth rate ��=0.17
per month. The market risk premium of the waiting stage 
and entering stage ( 0r , 1r ) are 0.02 and 0.03 per month 
respectively. The fixed cost of investing in CSR is 10 
million per month. The coefficients of the utility function 
are -0.1, 80 and 100 respectively.

TABLE I
NOTATION AND PARAMETER VALUES

Variable Notation Parameter 
value

Average growth rate of operating revenues � 0.1

Volatility growth rate of operating revenues � 0.17

Risk premium on waiting stage 0r 0.2

Risk premium on entering stage 1r 0.3

Fixed cost of investing in CSR I 1,000,000

Initial operating revenues 0� 500,000

Coefficient of utility function

Coefficient of utility function

Coefficient of utility function

a

b

c

-0.1

80

100

We use the above numerical example, value-matching 
condition and smooth- pasting condition to calculate 
firm’s threshold. The threshold E[ *

*
t

� ]=6129300 and the
potential entering loss A= 6.7906. The optimal time point 
for investing in CSR *t =25.06.

The threshold E[ *
*
t

� ]=6,129,300 means when we 
consider investing in CSR for 10 million dollors, the 
expected profit should be over 6,129,300 and then we will 
decide to invest in CSR. As long as we know the E[ *

*
t

� ]in 
this model, we can find out the optimal time point for 
investing in CSR. In this case, we take one month for a 
time period, which means operating after 25 months is the 

best time point for a firm to invest in CSR. As we all 
know, the utility function is decided by a decision 
maker’s subjective thinking, so the coefficient in this 
utility function varies from people to people and industry 
to industry. To find out the unique utility function for
each firm/industry may be further researched.

V. CONCLUSION

In consideration of the development of the 
technology industry and the issue of global warming 
caused by the environmental pollution and deterioration, 
“Corporate Social Responsibility (CSR)” has become the 
subject of attention. That is, the management should 
consider not only corporate financial performance but also 
the problem of the environmental economics caused by 
the environmental pollution. This paper explores how 
enterprises evaluate the relationship between the 
additional cost for protecting the environment and the 
intangible firm value generated from investing in CSR in 
order to obtain the maximum firm value under the 
consideration of environmental economics. This paper 
introduces the real options model to find the optimal time 
point for investing in CSR. 

This paper assumes that corporate operating 
revenues follow geometric Brownian motion and 
introduces utility functions to describe the intangible 
benefits generated from investing in CSR. This paper uses 
the real options approach to construct a mathematical 
model to find out the optimal time point t* for investing in 
CSR under the assumption that the potential exiting value 
does not exist. 

One of the features in this model is the concept of 
potential loss. In most of the previous studies, we decide 
to invest in something because it may increase the 
expected operating revenues. But investing in CSR is 
most likely to decrease operating revenues. Firms invest 
in CSR because of the intangible profit. We use the 
potential entering loss to take the decreasing revenue into 
account. The other feature is the utility function. It’s hard
to illustrate the benefit generated from investing in CSR; 
here we introduce the utility function to describe it. By 
adjusting the coefficient in the utility function, the result 
can be applied to different firms. The result can provide a 
feasible evaluation criterion for enterprises to invest in 
CSR in the future.
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Abstract - Under the circumstances whether the Renminbi 
(RMB) exchange rate should be appreciated or depreciated 
to reach the reasonable level, the current RMB exchange 
rate seems to be improperly valued. This paper uses the 
Pearson correlation analysis and regression analysis to 
select six macroeconomic indicators and then uses the 
positive and negative relative weight to do the empirical 
analysis to find out the reasonable RMB exchange rate 
ranges. Furthermore, this paper will introduce the real 
options approach to get the appropriate RMB exchange 
rate interval in consideration of the influences of the 
potential value of appreciation or depreciation and other 
unexpected events on the exchange rate. The results will 
provide another measure or thinking of evaluating the 
reasonable RMB exchange rate interval. 
 
Keywords - Renminbi, exchange rate interval, real options 
 

I. INTRODUCTION 
Since Chinese government made economic reform in 

1979, the continuing economic growth and large 
amounts of imports and exports have caught the public 
attention. Based on the regional analysis of the annual 
Economic Report released by the United Nations in 
January 16, 2009 in Beijing, China will be still the 
driving force of the economic growth in the world in 
2009. Therefore, any change in China's economy will 
affect the world’s economy; the RMB exchange rate 
which has the biggest impact on the foreign trade has 
also become the major issue of debate. 

In the recent years, the RMB exchange rate faced the 
pressure of appreciation owning to the high economic 
growth, continuing foreign trade surplus, increase of 
foreign direct investment, accumulated foreign exchange 
reserves, high domestic savings, and people's optimistic 
expectations in China. Reference [1] pointed out the 
RMB should be appreciated because of the 
macroeconomic and money supply penalty cost. 
Reference [2] considered the real RMB had been 
persistently undervalued at an average rate of 10% for 
2003 to 2005. In addition, [3] showed the RMB would 
be appreciated gradually in the long term in the future 
based on the historical exchange rate, volume of exports, 
trade surplus, and foreign exchange reserves from July 
2005 to 2007. 

However, some scholars thought there was no need to 
adjust the RMB. Shah-Sheng Do and Reference [4] used 

the single-equation model to show that the RMB was 
close to equilibrium since 1994, while [5] used the 
pooled OLS based on the PPP theory to estimate that the 
RMB seemed to be undervalued. But [5] pointed out that 
there was no evidence to show that the RMB was 
improperly valued if they added sampling uncertainty 
and serial correlation to the exchange rate. 

There were some arguments that the RMB should be 
depreciated recently. The reasons may be the subprime 
mortgage crisis in Europe and the United States in 2008, 
global economic recession, Big Mac index, and China's 
exchange rate policy. Reference [6] used the 
single-equation regression approach to explain the RMB 
was overvalued since 1995 based on the government 
expenditure, domestic banks’ credit volume, terms of 
trade, net exports, and spread between the domestic and 
foreign interest rates. Furthermore, [7] explored that the 
reason for the depreciation of the RMB was the problem 
of unemployment. After the financial tsunami, many 
workers in China faced the problem of unemployment, 
so China has already faced an internal economic crisis 
and will employ the policy of depreciating the RMB to 
solve this problem. 

Based on the above, the RMB seems to be improperly 
valued. 

There are no definite conclusions in the factors 
affecting the exchange rate, but the only thing we can 
make sure is that there is not only one factor affecting 
the exchange rate. 

According to the international finance theory, the 
balance of international payments, inflation, interest rate 
differences, fiscal deficits, economic growth rate, policy 
intervention, expectation, money supply, tariffs, import 
quotas, preference of domestic and foreign products, and 
productivity level will affect the exchange rate. 
Reference [8] established the equilibrium exchange rate 
equation where labor productivity, money supply, and 
the terms of trade were the factors affecting the RMB 
exchange rate. Reference [9] used the OLS method to 
estimate the equilibrium exchange rate of the RMB, and 
confirmed that the rate of inflation, growth rate of GDP, 
foreign exchange reserves, monetary policy, fiscal policy, 
and Asian financial crisis significantly affected the RMB 
exchange rate by the regression gradual selection 
method. Moreover, [10] and [11] considered the factors 
probably affecting the RMB exchange rate were 
economic growth, China’s macro-control policy, the 



growth of GDP, flows of trade and foreign investment, 
prosperity of the financial industry, rapid flow of capital, 
international environment and relationship. 

To sum up, this paper will establish a regression 
model based on the above-mentioned macroeconomic 
factors affecting the exchange rate in order to understand 
how the RMB exchange rate is affected by different 
economic conditions. In addition, the non-recurrent 
events will considerably impact the exchange rate and 
may lead to the jumping change of the exchange rate. 
Therefore, this paper will add the influences of sudden 
events on the exchange rate to the case study and use the 
real options to set up a mathematical model in order to 
explore the reasonable RMB exchange rate interval. 
 

II. THE MODEL 
The data of this paper come from the Annual Report 

published by the Chinese National Statistical Bureau 
from 1995 to 2006. Under the normal international trade, 
the macroeconomic indicators significantly impact the 
exchange rate. This paper will take the macroeconomic 
indicators from the relevant literature as the independent 
variables in the regression model. At the same time, this 
paper introduces the concept of relative weighting to 
measure the impacts of macroeconomic variables on the 
exchange rate and establish the regression model. 

However, the non-recurrent events like China’s 
policies, the global economic situation, and the Olympic 
Games may lead to the jumping change of the exchange 
rate and the intangible value derived from the potential 
pressure of appreciation and depreciation. This paper 
will add the data of non-recurrent events in the recent 
years and introduce the real options to derive the 
reasonable RMB exchange rate interval, which can be 
the direction of the following development model. 

According to the international finance theory and 
literatures, this paper selects some macroeconomic 
variables which may affect the exchange rate: the 
growth rate of foreign direct investment, growth rate of 
trade surplus, growth rate of foreign exchange reserves, 
growth rate of unemployment rate, growth rate of price, 
growth rate of the Shanghai Composite Stock Price 
Index, growth rate of savings rate, growth rate of money 
supply, growth rate of domestic industrial output, growth 
rate of the ratio of industry output to gross domestic 
output, growth rate of national finance, growth rate of 
the retail volume of social consumption goods, growth 
rate of total national income, growth rate of GDP, 
growth rate of interest rate, economic growth rate, 
growth rate of the degree of dependence on foreign trade, 
and growth rate of the degree of dependence on exports. 

The correlation among these variables was excluded 
by the Pearson correlation analysis. The analysis used 
the SPSS14.0 statistical software package. Then, this 
paper takes the growth rate of exchange rate as the 
dependent variable and the macroeconomic variables as 

the independent variables for the regression analysis. 
The growth rate of trade surplus (TSV), growth rate of 
the Shanghai Composite Stock Price Index (SPV), 
growth rate of savings rate (SRV), growth rate of 
unemployment rate (URV), growth rate of money supply 
(MSV), and growth rate of the degree of dependence on 
exports (DEV) are the variables with the most 
explanatory power for the regression model of the 
growth rate of exchange rate. The regression test results 
are presented in Table I. 
 

TABLE I 
The regression test results of six macroeconomic variables 

R 
Adjusted 
R-squared 

F-test Significance 

0.986 0.929 22.87 0.005 
 
  The maximums, minimums, and weighted sums of the 
above-mentioned six macroeconomic variables from 
1995 to 2006 are listed in Table II and III, from which 
we can see: 
  The standardized β value of each variable divided by 
the sum of standardized β values is the relative weight of 
each macroeconomic variable, so we can know the 
magnitude and direction of the influence of each 
macroeconomic variable on the growth rate of exchange 
rate. For example, the growth rate of the degree of 
dependence on exports, growth rate of money supply, 
and growth rate of unemployment rate have positive 
effects on the growth rate of exchange rate, while the 
growth rate of savings rate, growth rate of the Shanghai 
Composite Stock Price Index, and growth rate of trade 
surplus have negative effects on the growth rate of 
exchange rate.  
  The weighted sum of the minimums of the variables 
which have positive effects on the growth rate of 
exchange rate is -0.0353, meaning when these three 
variables increase by one unit, the RMB should be 
appreciated by 3.53% at most. The weighted sum of the 
averages is 0.1044; meaning when these three variables 
increase by one unit, the RMB should be depreciated by 
10.44% on average. The weighted sum of the 
maximums is 0.2243; meaning when these three 
variables increase by one unit, the RMB should be 
depreciated by 22.43% at most. 
 The weighted sum of the minimums of the variables 
which have negative effects on the growth rate of 
exchange rate is 0.1652; meaning when these three 
variables increase by one unit, the RMB should be 
depreciated by 16.52% at most. The weighted sum of the 
averages is -0.1855, meaning the RMB should be 
appreciated by 18.55% on average. The weighted sum of 
the maximums is -1.0339, meaning the RMB should be 
appreciated by 103.39% at most. 
  When calculating the magnitude of the influences of 
these six variables on the growth rate of exchange rate, 



the weighted sum of the averages of the variables which 
have positive effects on the growth rate of exchange rate 
plus the weighted sum of the averages of the variables 
which have negative effects on the growth rate of 
exchange rate should be zero because the total 
magnitude of appreciation of the RMB should equal that 
of depreciation of the RMB. From Table II and III, it is 
clear that the magnitude of depreciation of the RMB is 
smaller than that of appreciation of the RMB, so we give 
a multiplier to adjust the magnitude of depreciation in 
order to match with the magnitude of appreciation. In 
addition, we can calculate how much the RMB should 

be depreciated in total by adding the adjusted weighted 
sum of the maximums of the variables which have 
positive effects on the growth rate of exchange rate to 
the adjusted weighted sum of the minimums of the 
variables which have negative effects on the growth rate 
of exchange rate. We can calculate how much the RMB 
should be appreciated in total by adding the adjusted 
weighted sum of the minimums of the variables which 
have positive effects on the growth rate of exchange rate 
to the adjusted weighted sum of the maximums of the 
variables which have negative effects on the growth rate 
of exchange rate. 

TABLE II 
The maximums, minimums, and weighted sums of the macroeconomic variables which have positive effects on the growth rate of exchange rate 

The variables with  positive 
effects 

Standardized β value Relative weight 
Minimum 

(appreciation) 
Average 

Maximum 
(depreciation) 

DEV 0.6556 0.5849 -0.1373 0.0595 0.1930 
MSV 0.4353 0.3884 0.1227 0.1717 0.2526 
URV 0.0299 0.0267 -0.1000 0.1091 0.5000 

Weighted sum   -0.0353 0.1044 0.2243 
Adjusted multiplier    1.777  

Adjusted weighted sum   -0.0628 0.1855 0.3987 
 

TABLE III 
The maximums, minimums, and weighted sums of the macroeconomic variables which have negative effects on the growth rate of exchange rate 

The variables with negative effects Standardized β value Relative weight 
Minimum 

(depreciation) 
Average 

Maximum 
(appreciation) 

SRV -0.7744 -0.3698 -0.0343 0.0172 0.0719 

SPV -0.9267 -0.4425 -0.2062 0.2192 1.3043 

TSV -0.3930 -0.1877 -0.3264 0.4377 2.2917 

Weighted sum   0.1652 -0.1855 -1.0339 

Adjusted multiplier    1  

Adjusted weighted sum   0.1652 -0.1855 -1.0339 

 
The total magnitude by which the RMB should be 

appreciated and the total magnitude by which the RMB 
should be depreciated under the influences of 
macroeconomic variables are listed in Table IV. To 
avoid the problem of different measurement standards, 
this paper standardizes the total magnitude of 
appreciation and depreciation. The standardized values 
are 0.6678 and -1.2988 respectively. It means that the 

distance from the magnitude by which the RMB should 
be depreciated to the growth rate of the average RMB 
exchange rate is 0.6678 standard deviations at most, 
while the distance from the magnitude by which the 
RMB should be appreciated to the growth rate of the 
average RMB exchange rate is 1.2988 standard 
deviations at most. 

 
TABLE IV 

The standardized values for the total magnitude of appreciation and depreciation 

 Depreciation Average Appreciation 
Adjusted weighted sum for the variables with positive effects 0.3987 0.1855 -0.0628 
Adjusted weighted sum for the variables with negative effects 0.1652 -0.1855 -1.0339 

Total magnitude of appreciation or depreciation 0.5639 0.0000 -1.0967 
Standardized value 0.6678  -1.2988 

 
The average of the growth rate of the RMB exchange 

rate is -0.0042 and the standard deviation of the growth 
rate of exchange rate is 0.0081 from 1995 to 2006. From 

the above model, we can know that the distance from the 
magnitude by which the RMB should be depreciated to 
the growth rate of the average RMB exchange rate is 



0.6678 standard deviations at most, while the distance 
from the magnitude by which the RMB should be 
appreciated to the growth rate of the average RMB 
exchange rate is 1.2988 standard deviations at most. 
Therefore, the reasonable predicted interval of the 
growth rate of the RMB exchange rate is from -0.0148 
to 0.0013. Then, this paper does the empirical analysis 
for the above-mentioned estimated results: the average 
of the RMB exchange rate of 8.2552 from 1995 to 2006 
plus the predicted growth rate can derive the reasonable 
RMB exchange rate interval of 8.1333 to 8.2655. 
However, the real RMB exchange rate interval was from 
7.9718 to 8.3510 from 1995 to 2006. The reason is 
because this paper has not added the influences of the 
sudden events like policies on the RMB exchange rate 
yet. For instance, China changed its exchange rate 
system from pegged to the USD to a basket of 
currencies in 2005, leading to the jumping fluctuation of 
the RMB exchange rate. Therefore, this paper 
establishes the intangible value function and introduces 
the real options in order to derive the optimal RMB 
exchange rate interval in next section.  
  The non-recurrent events which are evaluated by the 
real options with the jumping fluctuation in this paper 
can be divided into two parts. One is the real 
government intervention, which means the government 
adjusts foreign exchange reserves to intervene in the 
exchange rate. The other is the potential government 
intervention, which means the potential value of the 
exchange rate intervention that the government is 
waiting for.  

The major variable of this real options model is 
foreign exchange reserves ( tF ). Suppose tF  follows 
arithmetic Brownian motion (ABM) with drift α and 
volatility σ.  When a non-recurrent event q occurs, tF  
jumps by an amount ξ. The process tF  that contains 
both continuous and discontinuous changes is as 
follows: 

t tdF dt dw dqα σ ξ= ⋅ + ⋅ + ⋅ ； ( )~ 0,tdw N dt , 
1 with probability dt
0 with probability 1- dt

dq
λ
λ


= 


 

 According to Ito’s Lemma [12], the growth rate of 
exchange rate should be: 

( , )tR R F q=  
2[ ( , )] [ 1/ 2 ( ) ( ( (1 )) ( )) ]

t t tt F t F F t t tE dR F q E R dF R dF R F R F dqξ= ⋅ + ⋅ ⋅ + + −  
2 2 21 1( ) ( )2 2 2 2( ) 1/ 2 ( ) ( ) ( 1)

k t k t

t t tk R F k R F R F e
ξ α σ ξ σ

α σ λ
⋅ − + +

= ⋅ + ⋅ ⋅ + ⋅ ⋅ −   

From the risk-neutral condition: 

( )
1 12 2 2( ) ( )2 2 2 22 [ ]

2

k t k t
e r

k

ξ α σ ξ σ
α α σ λ

σ

⋅ − + +
− ± + ⋅ ⋅ −

=  

Suppose how much the government intervenes in the 
exchange rate depends on the macroeconomic 
conditions and potential value of government 
intervention. Based on the value-matching condition and 

smooth- pasting condition advocated by the Reference 
[13], we can calculate the optimal tF  as follows: 
(1) The value-matching condition and smooth- pasting 

condition of depreciation: 
1 10

1 1 1 1
tk F

t Ha F b R A e+ = + 1 1
1 1 1

tk Fa A k e=  
(2) The value-matching condition and smooth- pasting 

condition of appreciation: 
2 20

2 2 2 2
tk F

t La F b R A e+ = + 2 2
2 2 2

tk Fa A k e=  
 
 1 1 1ta F b+ , 2 2 2ta F b+  are real values of government 

intervention; 0
LR , 0

HR  are the influences of 
macroeconomic variables from regression ；

1 1
1

tk FA e , 2 2
2

tk FA e  are potential values of government 
intervention. 
  Finally, we verify this model through some numbers 
in Table V. From these numbers, the predicted growth 
rates of exchange rate are 0.0229 and -0.2125. That is, 
the optimal RMB exchange rate interval is from 6.501 to 
8.4442, so there is no need to adjust the RMB exchange 
rate from 1995 to 2006. 

 
TABLE V 

The Numbers in real options model 

Variables Sources Value 

α Empiricism 0.2963 

σ Empiricism 0.1569 

λ Empiricism 0.0833 

ξ Assumption 0.1, -0.1 

0
HR  Regression 0.0013 

0
LR  Regression -0.0148 

1a  Regression and Assumption 0.0066 

2a  Regression and Assumption -0.0538 

1b  Regression and Assumption 0.007 

2b  Regression and Assumption -0.028 

 
III. CONCLUSION  

Nowadays, any change in China’s economy will 
affect the change of the global economy. Therefore, 
whether the RMB exchange rate which has the biggest 
impact on foreign trade is reasonable or not has become 
the subject of debate.  

At the beginning, this paper uses the Pearson 
correlation analysis to exclude the correlation among 
variables and then does the regression test analysis. We 
find that the growth rate of trade surplus, growth rate of 
the Shanghai Composite Stock Price Index, growth rate 
of savings rate, growth rate of unemployment rate, 
growth rate of money supply, and growth rate of the 
degree of dependence on exports are the most 
explanatory power for the regression model of the 



growth rate of exchange rate. Then, the relative weights 
of these six variables are calculated in order to 
understand the magnitude and direction of the influence 
of each macroeconomic variable on the growth rate of 
exchange rate. The weighted sums of these six variables 
are the magnitudes which the RMB should be 
appreciated or depreciated from 1995 to 2006. 
  To avoid the problem of different measurement 
standards, this paper standardizes the estimated 
magnitude of appreciation and depreciation.  

However, the non-recurrent events may change the 
exchange rate a lot. This paper evaluates them by the 
real options with the jumping fluctuation. 

Finally, with the empirical analysis and some 
assumptive parameters, the optimal RMB exchange rate 
interval is from 6.501 to 8.4442. That is, there is no need 
to adjust the RMB exchange rate from 1995 to 2006. 

The results can provide another measure or thinking 
of evaluating the reasonable RMB exchange rate interval, 
and provide a reference of the optimal timing for China 
to implement the economic policies in the future. 
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